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2.1 Introduction

A wide variety of both digital and nondigital medical-imaging systems are now
in clinical use and many new system designs are under development. These are all
complex systems, with multiple physical processes involved in the conversion of
an input signal (e.g., x rays) to the final output image viewed by the interpreting
physician. For every system, a high-quality image is obtained only when all pro-
cesses are properly designed so as to ensure accurate transfer of the image signal
and noise from input to output.

An important aspect of imaging science is to understand the fundamental
physics and engineering principles of these processes, and to predict how they
influence final image quality. For instance, it has been known since the work of
Rose [1-4], Shaw [5], and others that the image signal-to-noise ratio (SNR) is
ultimately limited by the number of quanta used to create the image. This is illus-
trated in Figure 2.1, showing the improvement in image quality as the number of
x-ray quanta used to produce images of a skull phantom is increased from 45 to
6720 quanta/mm?. Negligible image noise was added by the imaging system.

The view that an imaging system must faithfully transfer the input image sig-
nal to the output suggested the use of foundations laid out by scientists and en-
gineers studying communications theory, and in particular, use of the Fourier-

Figure 2.1: Image quality is dependent on the number of quanta used to create an image
as illustrated in this example. The average detector x-ray exposure per image is approxi-
mately: a) 0.16 uR, b) 1.6 uR, ¢) 16 1R, and d) 24 iR.
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Table 2.1: Summary of incident detector ex-
posure and number of quanta per mm? used to
create the images shown in Figure 2.1

Detector Exposure  Quanta per mm?>

a)y 0.16 uR 45
b) 1.6uR 450
¢) l6uR 4500
d) 24pR 6720

transform linear-systems approach [6]. Linear-systems theory was initially applied
in the imaging sciences by Rossmann and co-workers [7, 8], including use of the
modulation-transfer function (MTF) and related concepts. General works have sub-
sequently been published by Dainty and Shaw [5], Gaskill [9], Papoulis [10], Do,
Rossmann and Haus [11], Metz and Doi [12], and others. Possibly the most exten-
sive use of linear-systems theory in the medical-imaging field is the comprehensive
text by Barrett and Swindell [13] who use this approach to describe fundamental
principles and characteristics of many imaging systems in radiography, computed
tomography (CT), nuclear medicine, ultrasound, and other areas.

In this chapter, principles of linear-systems theory as it pertains to the anal-
ysis of medical-imaging systems are described. The linear-systems approach is
used to describe both signal and noise transfer, for both digital and nondigital
systems. The link is made to metrics of image and system quality including the
modulation-transfer function (MTF), noise-equivalent number of quanta (NEQ),
quantum sinks, and detective quantum efficiency (DQE). For background read-
ing, see Bracewell [14] for an excellent description of the Fourier transform, and
Brigham [15] for a description of the discrete Fourier transform. General refer-
ences for stochastic processes are Bendat and Piersol [16] and Papoulis [17]. The
noise-power spectrum is described by Dainty and Shaw [5] and Blackman and
Tukey [18].

2.2 Background concepts
2.2.1 Images and their units

The input to an x-ray imaging system is always a distribution of x-ray quanta.
The output may be approximated as an analog image such as the optical density
of a film transparency, or a digital image consisting of an array of digital values
stored in computer memory. The term “image” may be used to represent each of
these three types of quantities, giving rise to three different types of images: (1) an
analog image, d(r); (2) a digital image, d,; and (3) a distribution of quanta forming
a quantum image, q(r). These particular names are the author’s preference, but the
distinctions are necessary as they have different units and physical meanings, and
must therefore be treated differently mathematically.
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Transfer theory provides a description of the relationships between these three
quantities. In particular, it is used here to describe the relationship between an input
quantum image (generally a distribution of x-ray quanta incident on a detector) and
an output analog or digital image. In this section, these three types of images and
their physical bases are described.

2.2.1.1 Analog image

The term analog image will be used to describe a spatially-varying sample
function d(r). It is expressed as a function of the continuous variable r represent-
ing position in an n-dimensional image. The units of d(r) are arbitrary. Examples
include the voltage from a video camera as a function of position along a trace, op-
tical density in a radiographic film, or mean emitted intensity from a CRT monitor.

2.2.1.2 Digital image

A digital image generally consists of an n-dimensional array of discrete nu-
merical values. For example, d,,_ ,, represents image intensity at a particular pixel
(picture element) in a two-dimensional image identified by the coordinate ny, ny.
These values may be used as an index into a “look-up table” to produce the desired
image brightness according to a specified display level and window. The values
dy, n, are dimensionless, as are the digital values produced by an analog-to-digital
converter (ADC).

2.2.1.3 Quantum image

A quantum image is a spatial distribution of quanta. For example, x rays trans-
mitted through a patient and incident on an imaging detector form an x-ray quan-
tum image. Each quantum has negligible spatial extent, and may be considered to
be a point or impulse object represented as a single Dirac delta function §(r — ro)
where ry is a vector describing the location of the quantum. Therefore, a quantum
image may be represented as the sample function g(r) consisting of the superpo-
sition of a large number of spatially-distributed § functions.

There are two important reasons why manipulating quantum images is more
complicated than manipulating analog or digital images. The first is that they must
be interpreted as distributions in the mathematical sense, having dimension area™!
for a two-dimensional image. Some implications of this are described in more de-
tail below. The second reason is that image quanta have fundamental statistical
properties that cannot be ignored. It is therefore necessary to interpret g(r) as a
sample function of a random process. For instance, we describe the position of
each quantum in an image using the random vector variable 7 which has the set
of values {r;} and where each value describes the position of one quantum. The
quantum image q(r) is a particular realization of these random variables, and can
be expressed as the sample distribution

Nq

qry=Y 8(r—r). 1)

i=1
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While it is not possible to know precisely where the x-ray quanta are in a particular
distribution because of the uncertainty principle, g(r) represents a particular pos-
sible distribution. That is, a sample image, where the quanta may be statistically
correlated—or not-—in some specified way. The expected value (i.e., an ensemble
average of many such realizations, see Section 2.5.2) of g(r) will be written as
E{q(r)}, and describes the expected distribution of quanta per unit area at posi-
tion r. If the image consists only of a Poisson distribution of quanta, 7 is randomly
distributed and uncorrelated over the image area, and E{g(r)} is a constant inde-
pendent of position.

Quantum images are generally two dimensional. However, it will be conve-
nient, particularly for illustrations, to consider a one-dimensional quantum im-
age consisting of a distribution of quanta along a line, ¢(x), having dimension
length™!.

2.2.2 The Dirac & function, sampling, and the sifting property

The Dirac § function, or impulse function, is so important in the application of
linear-systems theory, both for the representation of quantum images as described
above and in the analysis of digital systems, that it is appropriate to describe its
properties explicitly. The symbol 8(x — xp) represents an impulse at position xg
with the property that [14]

o _Jo for x # xo
d(x —x0) = {undeﬁned for x = xo, (2.2)
and with the constraint that
o0
/ d(x —xg)dx = 1. 2.3)
—00

The § function always has a dimension corresponding to the inverse of its argument
(x~! in this case). In addition, for any function f(x) that is continuous at x = xg,

fxo) ifa<xg<b

b
/a FE30x = x0)dx = { 0 otherwise, 24

and from which comes the sifting property,
[ s —sdr=re0 [ st —s00dx= fGn) = Wl @)
—o0 —o0

The sifting property provides a mechanism whereby the process of sampling,
that is, evaluating a function at a specified position x = xg, can be expressed in
terms of the linear operation of multiplication with a § function:

F(x)8(x — x0) = f(x0)8(x — xp). (2.6)
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It is important to note that multiplication with the § function does not result in the
sample value alone—it results in a § function scaled by the sample value f(xp).
The sample value may be dimensionless, but the § function is not.

The & function is a generalized function in the mathematical sense as opposed
to a “well-behaved” function. For this reason it is sometimes referred to as the §
symbol rather than the § function. While it is tempting to manipulate the § function
as if it were well behaved, 1t is really defined only in terms of its properties, such as
those given by Egs. (2.2) to (2.5), and must be treated accordingly, and with great
care.

In addition to the sifting property, other important properties of the § function
include [14]

d(ax) = Tcl;—!cS(x), 2.7
8(=x) = &(x), (2.8)
xé(x) = 0. 2.9

The Dirac § function should not be confused with the Kronecker § function, defined
as

1 form=0
O = {0 form #0, (2.10)

often used in the description of discrete systems.

2.2.3 Generalized functions

While use of the § function is often convenient, it must again be emphasized
that it is a generalized function, and must be treated with care. The § function
was first used by physicists for the description of momentum impulses and point
objects such as point charges. While the § function is not a real function, it was
often manipulated as if it were. With the subsequent development of generalized
functions, it is known now that the § function can often be manipulated as a real
function but only evaluated within an integral as expressed by the sifting property
in Eq. (2.5).

The class of generalized functions used here can be defined as the limit of a
sequence of well-behaved functions. The one-dimensional § function can be ex-
pressed in terms of many such limits, two being

5 = Tim 2™ _ hn rsineGrex), @.11)
=00 X 00

and

12
5 = fim ™) _ iy esinc(rra). 2.12)
T—>00 7'[2'[x2 T—00



Background concepts 87

Refer to Bracewell [14] or Gaskill [9] for a description of § functions, distributions,
and generalized functions in linear-systems theory.

2.2.4 Distribution theory

Images consisting of a distribution of quanta must be interpreted using distri-
bution theory. A distribution can be measured only through the use of a sampling
function, ¢ (x) which describes the measurement process. The sampling function is
sometimes called an aperture function when used to describe the sensitivity profile
of a detector. Do not confuse it with the sampling operation where a waveform is
multiplied with a § function (Section 2.2.2), or a sample function of a stochastic
process (Section 2.5). For example, if a measure of the one-dimensional quantum
image g(x) is obtained with a detector of width a, producing a signal proportional
to the number of interacting quanta, the result d may be expressed as the integral

xo+a/2 [’} _
d:k/ q(x)dx:k/ q(x)H(x ax")dx, (2.13)

xp—a/2 -

where the detector is centered at x = x¢ and & is a constant relating the number
of interacting quanta to the detector output signal that might be a voltage, or an
analog-to-digital converter (ADC) value (assuming ADC quantization errors can
be ignored). In this example, the sampling function is ¢ (x) = I1(x/a) which is a
rectangle of unity height and width a.

Note that while g(x) is a generalized function, the expected value of g(x),
E{q(x)}, is a well-behaved function having the same units.

2.2.5 Transfer theory

One way of characterizing an imaging system is to describe the input-output
relationships of parameters useful in the description of image signals and noise.
For instance, Figure 2.2 shows input and output images, g;, (r) and g, (r) respec-
tively, of a hypothetical imaging system in which there has been a degradation of
image contrast.

2.2.5.1 Signals: large-area contrast transfer

Contrast is a measure of the relative brightness difference between two loca-
tions in an image. Relative brightness is often a more important parameter than
absolute brightness because the absolute brightness of a displayed image is often
dependent on the display hardware (e.g., video monitor brightness setting or view-
box intensity), and may therefore have no particular significance in an absolute
sense. The contrast between locations ry and r; of g;,(r) in Figure 2.2 is C;,,
defined as

¢, = Elam@a) ~Elgintrn} 2.14)

1
5 [E{gin(ra)} + E{gin(r)}]
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An alternative definition of contrast used by some omits the factor 1/2 but is not
used in this chapter. The corresponding contrast in the output image is C,,,; where

Cont = IE{QOut(rZ)} ‘“E{QOut(rl)} , 2.15)

E[E{QOMI (rZ)} + E{Q()ut(rl)}]

and the large-area contrast-transfer factor is therefore defined as the ratio

C()ut
Cin

T, = (2.16)

The concepts of signal transfer are related to the spatial resolution of a system.
This is illustrated in Figure 2.3 where the input-output relationship is shown for a
system that transfers large-area (relative to the measurement area) contrast fairly
well, but small-area contrast poorly. The result is an output image in which the
contrast of fine details (small lesions and edges) is reduced, giving rise to an image
that appears to be “blurred” by the system.

Transfer theory must therefore be tied somehow to concepts of both image-
structure size and system spatial resolution. One way of doing this is to express

q(ry) q(ro) Qout(T 1) Qout(r2)

q(r) SYSTEM
—— .

Input Image

Figure 2.2: Transfer theory describes relationships between the input and output images
of an imaging system. In this illustration of a deterministic system, an image is transferred
accurately except for a degradation in contrast.

SYSTEM
—_—

Input Image Output Image

Figure 2.3: A system with poor spatial resolution transfers large-area contrast better than
small-area contrast. As a result, the contrast of fine detail is reduced and the transferred
image appears “blurred.”
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transfer relationships in the spatial-frequency domain and to make extensive use of
the Fourier transform and related theorems. The uniqueness of the Fourier trans-
form means that any problem can be solved equivalently in either the spatial (r)
or the spatial-frequency (k) domains. It is often easier to find a solution in one do-
main than in the other, and so every imaging problem should be examined in both.
In addition, important insight is often obtained when the solution to any problem
is expressed in each domain. For instance, the harmful effect of signal and noise
aliasing is easier to predict in the spatial-frequency domain, but it may be neces-
sary to understand aliasing in the spatial domain to develop a physical intuition
of the outcome. The importance of being able to move fluently between the two
domains cannot be overstated, and in the opinion of some, is one of the important
distinguishing skills of an imaging scientist.

2.2.5.2 Noise: variance transfer

Contrast transfer says nothing about the transfer of image noise as illustrated in
Figure 2.4. Image noise is defined here as stochastic variations in image signals (see
Section 2.5.2). For instance, an image of a uniform object might have a uniform
intensity over a specified region of interest if not for these random variations. One
way of describing noise is to calculate the variance in measurements of the image
signal over a specific region of interest which has a uniform expected value. Noise
variance is then given as [10]

of =E{|ad}, (2.17)

where Ad = d — E{d}. Units of the variance aj are the same as units of the squared
signal d?.

The variance is defined in Eq. (2.17) in terms of the expected value of |Ad|?
which may be obtained from an average of many images (many realizations) at
a particular location r. This is called an ensemble average. In practice, it may be
necessary to use a spatial average of |Ad|? as an estimate of the ensemble aver-
age. A system for which the ensemble and spatial averages are equivalent is called
ergodic. Ergodic systems are discussed later in Section 2.5.5.

SYSTEM
I

Input Image Output Image

Figure 2.4: Noise in the output image is related to both the noise in the input image and
the noise-transfer characteristics of the system. In this example, the image is transferred
both with a reduction of image contrast and an increase in image-noise variance.
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B SYSTEM
Input Image Output Image

Figure 2.5: A system that degrades spatial resolution and also increases noise will severely
compromise image quality as illustrated here, particularly for the visualization of small de-
tails.

UL A
Yy \ \/\/

b)

Figure 2.6: One-dimensional profiles may have the same noise variance but look very
different as shown here. The noise in b) is correlated over a greater distance than the noise
in a).

Figure 2.5 illustrates the input-output relationship of a system that passes con-
trast in a manner identical to that in Figure 2.3, but increases noise as well. The
resulting image quality is severely compromised, and small structures are barely
detectable, if at all.

Some insight into system performance could be obtained if a definable relation-
ship existed between the noise variance at the input and output, and the ratio of the
two would be the “noise-variance transfer” factor. However, the concept of noise-
variance transfer has little meaning for the description of x-ray imaging systems
for two reasons. The first is that the variance of an input x-ray quantum image is
undefined as described in Section 2.6.2.3. The second is that the variance generally
does not describe noise adequately in an analog or digital image. This is illustrated
in Figure 2.6. Both profiles have unity noise variance; however, they look very dif-
ferent because the noise in a) is correlated over only a very short distance while
noise in b) is correlated over a greater distance. The Fourier transform can be used
to describe image noise in the presence of these correlations.
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Figure 2.7: The two-dimensional images shown here have the same background noise
variance but look very different as the noise in b) is correlated over a greater distance than
the noise in a). The same two-dimensional sinusoidal pattern has been added to each im-
age.

2.3 Introduction to linear-systems theory

In this section, linear-systems theory is introduced including a description
of important principles and relationships required to characterize system perfor-
mance in the spatial-frequency domain. While most results are expressed in one-
dimensional geometry in terms of the position x and spatial frequency u, similar
relationships hold true using two-dimensional geometry in terms of the position
vector r and spatial-frequency vector k.

2.3.1 Linear systems

A linear-system response is generally necessary before a linear-systems ap-
proach can be used to analyze or characterize system performance. Thus, the first
step in any analysis is to ensure the system under study is indeed linear. Essen-
tially, this means the output must be proportional to the input. Thus, if a system
has a transfer characteristic described by S{ } such that an input 2(x) produces an
output S{h(x)}, then for any two inputs #;(x) and k3 (x), the system is linear if and
only if

S{h1(x) + ha(x)} = S{h1 (x)} + S{h2(x)}, (2.18)
and

S{ah(x)} = aS{r(x)}, (2.19)
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irf(x,xq)
d(x-xg)
_—p
X X
Xo Xo
impulse impulse response

Figure 2.8: An impulse input at x = xg, §(x — x¢), produces the impulse-response out-
put irf(x, xg).

d(x-xq) 8(x-xp) irf(x,xq)+irf(x,x3)
X X
Xy X2 X{ X3

Figure 2.9: For linear systems, the output corresponding to two impulse inputs is the su-
perposition of two impulse-response functions.

for any real constant a. Many systems that are not linear can be linearized with an
appropriate calibration, or exhibit small-signal linearity. For instance, radiographic
film-screen systems are not linear in their response, but can be linearized if the
H&D curve (the relationship between film optical density and x-ray exposure) is
known. See references [5], [9], and [20] for further discussions on using linear-
systems theory for modeling radiographic systems. In general, no system is com-
pletely linear, and as such the linear-systems approach is always an approximation.
The analysis of non-linear systems may be limited to their behavior with small am-
plitude signals [21]. In the following, we will assume a linear system except where
specifically noted.

2.3.1.1 Impulse-response function, IRF

When a linear system is presented with the input é(x — x¢), an impulse lo-
cated at x = xg, the corresponding output will be S{5(x — xo)} which is called the
impulse-response function (IRF), i.e.,

irf(x, xo) = S{8(x — x0)}. (2.20)
The real utility of using the IRF is that for any input expressed as a superposi-
tion of many such impulse functions, the output of a linear system will consist of

the superposition of one IRF for each input impulse, as shown in Figure 2.8. For
instance, if the input is the two impulses shown in Figure 2.9, the output will be

S{S(x —x1)+8(x — xz)} =irf(x, x;) + irf(x, x3). (2.21)
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There is no requirement that the IRF be isotropic. The IRF is sometimes called
the point-spread function (PSF) when used to describe a two-dimensional imaging
system.

2.3.2 Linear and shift-invariant (LSI) systems

A system must also have a shift-invariant (isoplanatic) response before a
Fourier-based analysis can be used. This requires that the system impulse-response
function be shift invariant so that a particular structure in the image will appear the
same, regardless of where in the image it is placed. In practice, analysis of sys-
tems that are not shift invariant, such as image-intensifier based systems, may be
restricted to a central region where the response is approximately shift invariant.
A system that is both linear and shift invariant in its response is sometimes re-
ferred to as an “LSI” system. Because the shape of the IRF in an LSI system is
independent of position, it can be written in the form

irf(x, xp) = irf(x — xg). (2.22)

2.3.2.1 The convolution integral

If a function A(x) can be approximated as a large number of narrow rect-
angles having width Ax (see Figure 2.10), the rectangle centered at x = jAx,
where j is an index identifying the rectangle, has a height 4 (j Ax) and therefore
an area h(jAx) x Ax. If Ax is small relative to the width of the IRF, the shape of
the rectangle is unimportant (only the area is significant) and thus each rectangle
can in turn be represented as a § function, positioned at x = jAx, and scaled by
h(jAx) Ax. The output S{h(x)} of a system having an IRF described by irf(x, xq)
can then be expressed approximately as the superposition of an IRF for each delta
function:

S{h(x)} ~ > h(jAx)irf(x, jAx)Ax. (2.23)

j=—00

In the limit of Ax — 0, the summation becomes the integral

S{h(x)} = f " hGe)infr, 3 ', (2.24)

—00

which is called a superposition integral.
When the IRF is shift invariant, the superposition integral can be simplified to

s{h(xn)) = / ” h(x') irf(x — x') dx’, (2.25)

which is called the convolution integral (see Figure 2.11). The convolution integral
is of fundamental importance in the imaging sciences (and in many other areas of
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—p AX e
h(x)

- X
0 Ax 2AX 3AX 4AX 5Ax

Figure 2.10: An input signal is divided into a large number of narrow rectangles or scaled
delta functions, each with area A (j Ax)Ax.

physics, communications theory and engineering). It describes the output signal
obtained when the input A (x) is passed through a linear and shift-invariant (LSI)
system. The order of the integrands #(x) and irf(x) can be reversed without affect-
ing the outcome. The convolution integral is often expressed in short form as

S{h(x)} = h(x) * irf(x). (2.26)

Selected properties of the convolution integral are listed in Table 2.2. These should
be learned as one learns addition or multiplication, so that they can be used with
ease.

It should be noted here that although the convolution integral (Eq. (2.25)) is
a standard way of describing the response of an LSI system to an input signal, it
describes a deterministic system only. That is, a system that has an IRF given ex-
actly by irf(x). When the system has a stochastic component in its response, which
includes all x-ray imaging systems, it must be viewed as a stochastic system (see
Section 2.5.1) and the linear-systems approach using the convolution integral de-
scribes only the expectation value of the system response. Image noise can only be
described using the linear-systems approach once stochastic theories are included
as described in Section 2.5.

2.3.2.2 System characteristic function, T(u)

The IRF contains all the information about a system necessary to determine the
expected response in any given situation. However, numerical solutions to the con-
volution integral are often required in practical situations, and these generally offer
little physical insight toward an understanding of system performance. A useful
alternative is to examine the special case of an input that varies sinusoidally with
position, expressed in terms of the complex exponential

h(x) = 2™ = cos(2mux) + i sin2rux), 2.27)
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Figure 2.11: For linear and shift-invariant systems the convolution integral describes the
superposition of an infinite number of IRF’s weighted by the input 2(x).

h(x")d(x-x")Ax
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Table 2.2: Properties of the convolution integral

Commutative:

f(x)*h(x) =h(x) * f(x)

Distributive over Addition:

F ) x[hi(x) + ha(x)] = f(x) *h1(x) + f(x) % ha(x)

Associative:

F ) xhi(x) xha(x) = f(x) % [h1(x) x ha(x)]
Multiplication with a constant:

alf(x) x h(x)}=af (x) * h(x) = f(x)* ah(x)

Addition with a constant:

a+[fx)xh()]=la+ f()]*xh(x)= f(x)x[a+ h(x)]

Convolution with an impulse:

f(x)*8(x —x0) = f(x — xp)

where u is the “spatial” frequency (cycles/mm). The output d(x) is given by the
convolution integral

o . ,
d(x) = / irf(x")e' 27D gy’ (2.28)
-0
. &0 . ’
— ethux/ irf(x/)e—tZJrux dx’, (2.29)
—00

where the final integral is recognized as being the Fourier transform of irf(x),
which we call T(u). Therefore,

d(x) = S{e"™**} = T(u)e' ™=, (2.30)

showing that the output is identical to the input scaled by the frequency-dependent
factor T(u). That is, a sinusoidal input will produce a sinusoidal output at the same
frequency, scaled by T(u), as illustrated in Figure 2.12. Complex exponentials of
the form e!274* are called eigenfunctions of the imaging system, and T(u), which is
complex in general, describes the eigenvalues. The factor T(u) is called the char-
acteristic function of the system. The impulse-response function and the system
characteristic function are Fourier pairs:
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Figure 2.12: A sinusoidal signal at the input of an LS} system will produce a sinusoidal
output signal with the same frequency, scaled by the frequency-dependentfactor T(u) which
is complex in general. This illustration is approximate as the input is not a pure sine wave.

T(u) = F{irf(x)}. 2.31)

This makes it very convenient to use sinusoidal input waveforms to characterize
imaging systems.

The Fourier transform expresses a function in terms of its complex sinusoidal-
basis components. If a specified input #(x) has the Fourier transform H (), then
h(x) can be expressed as the inverse Founer transform of H (u) and the corre-
sponding output is

d(x) = S{h(x)} = S{/OO H(u)eiz””xdx} (2.32)

= f ” H@)T@)e' ™ du. (2.33)

However, because d(x) can also be expressed as the inverse Fourier transform of
D(u) where

d(x)= / ” D(u)e¥™* du, (2.34)

-0

we get

D(u) = Hu)T(u). (2.35)
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Figure 2.13: Signal-transfer characteristics can be represented either as convolution with
irf(x) in the spatial domain (left column) or as multiplication with T(u) in the spatial-
frequency domain (right column).

This is a very interesting result because it shows that the Fourier components H (u)
of the input are passed unchanged through the system other than a scaling by T(u).
Thus, the signal-transfer characteristics of an LSI system can be expressed either as
convolution with irf(x) in the spatial domain, or equivalently as multiplication with
T(u) in the spatial-frequency domain. This relationship is illustrated graphically in
Figure 2.13. In many situations it is more convenient to express imaging problems
in the spatial-frequency domain than in the spatial domain, and the ability to move
fluently between the two domains is critical to being able to easily solve many
imaging problems.

2.3.2.3 Modulation-transfer function, MTF

As shown previously, the contrast-transfer factor, T, is not very useful for the
description of imaging systems because it is not explicitly related to the size of
image structures or to the spatial resolution characteristics of the system. However,
the situation changes when we consider the transfer of sinusoidal signals. Consider
the input ~(x) where

h(x) =a + be'?™4x, (2.36)

and where the real component of 4(x) corresponds to the real (measurable) input
signal. Because of the sinusoidal nature of this input, it is more meaningful to
characterize it in terms of its modulation than its contrast. The modulation of 4 (x)
in Figure 2.14 is given by

M;, = |Amax| — 1Amin] _ (@+b)—(a-b) — _b_ (2.37)
[imaxt + Aminl  (@+Db)+(a—b) a




98 Applied Linear-Systems Theory

h(x
|

> X

Figure 2.14: A sinusoidal signal expressed in complex exponential form as Z{x) = a +
be'¥™4*  The sinusoidal waveform is the real component of A (x).

The output signal d(x) is given by

d(x) = S{h(x)} = S{a + be'?"} (2.38)
= S{a} + S{be'*™*} (2.39)
= aS{e' (=0} 4 pgletamir) (2.40)
= aT(0) + bT(u)e?™, (2.41)

where T(u) is complex in general but T(0), which is equal to the area under the
IRF, must be real only. The output modulation is therefore given by

Idmaxl - Idminl _ é IT(u)I _ IT(M)]

M, = = =M .
out ldmaxl + Idmini a T) " T()

(2.42)

Similar to our definition above of the contrast-transfer factor, the ratio M,,,;/M;,
is defined here as the modulation transfer function (MTF), given by

| T(w)l

MTF(u) = T0)

(2.43)

where MTF (1) has by definition a value of unity at u = 0.

The MTF is not as complete a description of a system as the characteristic func-
tion T(x) because phase information and a scaling constant have been discarded.
However, if irf(x) is real only (i.e., has no imaginary component), which is gen-
erally true for x-ray imaging systems, both T(u#) and MTF (u) are even functions
and can be expressed in terms of positive frequencies only without loss of general-
ization. If irf(x) is real and even, T(u) is also real and even, and no phase-transfer
information is lost going to the MTF. The MTF is always real.

The function OTF () given by

T(w)

OTF(L{) = m,

(2.44)
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is sometimes called the optical transfer function (OTF). It is related to the MTF as
MTF(u) = |OTF(u)|, and is similar to the MTF although it retains phase-transfer
information.

In general the MTF is a two-dimensional function, expressed in terms of either
a two-dimensional frequency vector k as MTF (k), or orthogonal frequencies u and
v as MTF (u, v).

2.3.2.4 Line-spread function, LSF

The LSF describes the response of the system to a “line” delta function, normal-
ized to unity area. This is seen if we consider a line impulse positioned at x = xp
extending forever in the y direction as the line delta function § (x — x¢). The system
response along a line in the perpendicular x direction is therefore the LSF given by

/ f 8(x — xo) pst(x, y) dx dy

o o0
/ / psf(x, v) dx dy
—00 v —X
>0

/ psf(x — x0, ) dy
—00

Isf(x — x¢) =

= - . (2.45)
/ / psf(x, y) dxdy
—00 J =00
For shift-invariant systems this relationship simplifies to
o0
[ pstr ey
Isf(x) = - (2.46)

o0
(0.0} o0 ’
/ / psf(x, y) dx dy
—00 J~00

where Isf(x) is the LSF in the x direction. The L.SF describes the response of a
system in one direction when details of the response in the orthogonal direction
have been “integrated out” as shown by Eq. (2.46).

The one-dimensional OTF in Eq. (2.44) and the line-spread function are Fourier
pairs [5]:

OTF(u) = F{lsf(x)}, (2.47)
where u is the spatial frequency in the x direction. Integration of psf(x, y) in the

y direction in Eq. (2.46) corresponds to evaluation of MTF(u, v) along the v =0
axis. Therefore,

MTF (1) = MTF(u, v)|y—o. (2.48)
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For systems with a rotationally symmetric IRF, MTF (u, v) is also rotationally sym-
metric and can be expressed in terms of a single radial spatial frequency u without
loss of generality.

2.3.2.5 The correlation integral

A quantity closely related to the convolution integral that will also be used
later is the correlation integral, not to be confused with the statistical correlation
function described in Section 2.5. The correlation integral of two functions f(x)
and h(x) is given as

0
d(x', x' +x) =/ FOHR(+ x)dx’. (2.49)
-
When f(x) and h(x) are stationary in x, then this relationship simplifies to

d(x) = /oo FONRX + x)dx’, (2.50)

which is written in short form as
d(x) = f(x)*h(x). (2.51)
The correlation integral is not commutative, and so

Jx) *h(x) # h(x)* f(x), (2.52)

in general. It can also be shown that

F@)*h(x) = f(x)*h*(=x) = h(x) * f*(—x), (2.53)
where A*(x) is the; complex conjugate of 2 (x).

2.4 The spatial-frequency domain

Great emphasis has been placed on being able to solve imaging-physics prob-
lems in either the spatial or spatial-frequency domain. The choice is determined by
which is easier, and it is often necessary to solve parts of a problem in one domain
and other parts in the conjugate domain. In this section, properties of the Fourier
transform are described which are invaluable to successfully use this approach.

2.4.1 The Fourier transform

There are several excellent texts describing the Fourier transform including
Bracewell [14] and Brigham [15]. See Peters and Williams [22] for a description
of the Fourier transform as applied to several concepts in medical imaging.
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Figure 2.15: The sum of the Fourier components of a function looks more and more like
the original function (shown at the top of the figure) as more and more components are
added with increasing frequencies. In this figure, five such components are shown in the
left-hand column, and the accumulated sum of the components are shown in the right-hand
column. In this example, the imaginary terms are all zero.

The Fourier transform of d(x) is D(u), and the inverse Fourier transform of
D(u) is again d(x). This reciprocal relationship is expressed by

D) = / d(x)e T gy, (2.54)
d(x) = / D(u)e'¥™* du, (2.55)

where u is the spatial frequency along the x axis. It is seen that the units of D(u)
will always be those of d(x) x x.

The Fourier transform of d(x) exists for any well-behaved function d(x). Thus,
D(u) always exists when d(x) represents some sort of physical quantity, or at least
a function which could represent a physical quantity, such as image brightness.
The Fourier transform of generalized functions also exists, albeit possibly as gen-
eralized functions. Thus, the transform of a distribution of quanta exists when each
quantum is represented as a § function, which will be used a great deal later. In
general, both d(x) and D(u) are complex, and may be expressed either as a real
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Table 2.3: Summary of Fourier-transform relationships in one and two
dimensions for LS| systems. MTF(u) = |OTF(u)|

Spatial Domain  Fourier Transform  Spatial-Frequency Domain

irf(x) 1D T(w)
Isf(x) 1D OTF(u)
psf(x,y) 2D T(u,v)

and imaginary pair, or as a magnitude and phase pair,

D(u) = Re{D(u)} + i Im{ D(u)} (2.56)
= |D)]e’*™, (2.57)

where ¢ (1) is the spatial-frequency-dependent phase angle given by

(2.58)

o(u)= tan~! <M)

Re{D(u)}
through the Euler-angle relation ¢‘® = cos¢ + i sin¢.

The Fourier transform expresses the fact that d(x) can be written as the sum
of a distribution of sinusoidal components (Figure 2.15). As more components are
included, the sum looks more and more like the original function. If all non-zero

components are included, the sum is identical to the original.

2.4.1.1 The two-dimensional fourier transform

The two-dimensional Fourier transform of d(x, y), D(u, v), is given by
o, o] co R
D(u,v) = / / d(x, y)e ) qx dy, (2.59)
—0Q0 J —00
and the inverse Fourier transform by
[e o} (o8] R
d(x,y) = f f D(u, v)e?m @) 4y do. (2.60)
—00 J—00

These integrals can also be written as vector integrals in terms of the position and
frequency vectors r and k as

Dk) = / ” d(r)e 77k @2y (2.61)
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and
w .
d(r) = / D(k)e'kr . (2.62)
-0

The product k - r is a vector dot product such that k - r = ux + vy.

2.4.2 The discrete fourier transform

Manipulation of digital image data in the Fourier domain requires the use of a
numerical implementation of the Fourier transform, called a discrete Fourier trans-
form (DFT), which differs from the Fourier transform in subtle ways. The fast
Fourier transform (FFT) refers to a number of implementations of the DFT which
make use of clever programming to increase computational efficiency. Several im-
plementations of the FFT are available which differ in sophistication, the allowable
size and form (real or complex) of the input data sequence, speed of execution, and
sometimes a scaler constant.

One commonly used form for the DFT of a sequence of N values d, for 0 <
n < N —1isgiven by

N-1
D,, = DFT{d,} = Z dje~i2mnm/N (2.63)

n=0

which consists of a sequence of the N complex values D,, for0 <m < N —1. The
inverse DFT is given by

N-1
1 .
d, =DFT™YD,} = = > " Dy, (2.64)
=0

Other forms of the DFT exist, differing primarily by a scaler constant of N or +/N.
The user of any DFT should be aware of what DFT algorithm 1s being used before
attempting any quantitative work. We shall use Egs. (2.63) and (2.64) as definitions
of the DFT.

The dimensions of d,, and D,, must necessarily be the same, and they are often
dimensionless. This is one way in which the Fourier transform and the discrete
Fourier transform differ. Another important consideration when using any DFT
is to know which index value (which value of n or m) corresponds to the zero
positions x = 0 and # = 0. In many DFT implementations, the central position
x =0 corresponds to n = N /2 — 1, while the central frequency u = 0 corresponds
to m = 0. Erroneous placement of the zero position in one domain results in errors
in the phase angle of the complex value in the conjugate domain as known from
the shift theorem.

When the sequence d,, represents the function d(x) evaluated at uniform spac-
ings xg, it is sometimes written as d (nxo) to retain this spatial relevance. However,
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this relationship is not as simple in the spatial-frequency domain, as the sequence
Dy, is not equivalent to samples of D(u) at uniform spatial-frequency spacings of
1/Nxp, D(m/Nxp). While it may be tempting to view the DFT as a numerical
implementation of the Fourier integral in Eq. (2.55) and write

m
D(E\’;) = D(u)l":%ro ~ x0 Dy, (2.65)
or
1 m
D, ~ —-D(————), (2.66)
Xg Nxg

extreme care must be used as the DFT is really a separate transform in its own right.
The practical problems associated with this interpretation become clear when the
DFT is viewed as a special case of the Fourier transform and is understood in the
two domains (Brigham [15]). The problems include:

(a) aliasing;

(b) spectral leakage and side lobes;

(c) truncation and windowing;

(d) zero-position and phase errors (mentioned above);

(e) frequency wrap-around; and,

(f) scaling factors and units (particularly in the frequency domain).

They have been described by various authors. Excellent general works are given
by Brigham [15], Bracewell [14], and Peters and Williams [22].

2.4.3 Sampling and aliasing

Many imaging systems of practical importance produce digital images in which
image brightness is represented as a sequence of numerical values. In this section,
the relationship between a function and its “sampled” (discrete) representation is
described in a way that is still amenable to the analytic graphical techniques used
previously.

When the function d(x) is represented numerically with the N discrete values
d, for 0 <n < N — 1, each value corresponds to d(nxp) = d(x)|x=nx,, an evalua-
tion of d(x) at x = nxg. The process of evaluating a function is called “sampling”.
One way of describing the sampling process is by making use of the sifting prop-
erty of the & function, which says that if d(x) is continuous at x = xy, it has a value
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Spatial Domain Spatial-Frequency Domain
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Figure 2.16: Sampling the function d(x) is represented as di(x) =d(x) Z;’,‘;_ooé(x —
nxgy) and consists of a sequence of § functions scaled by the discrete values d,, where n
is an integer over —oo < n < 00. Spectral aliasing occurs when the aliases overlap in the
spatial-frequency domain. Only the magnitude is shown in the frequency domain.

at xg given by

A0 amsy= [ d8x =300 =dx0) [ 8x = x0)dx =dx0). @.67)

—00

Following Brigham [15], we adopt a graphical representation of this sampling pro-
cess as shown in Figure 2.16, where each horizontal pair of figures represents a
Fourier-transform pair. Sampling d(x) at x = xg 1s represented as multiplication

with §(x — xg) with the result being an impulse at x = x¢ having an undefined
amplitude and area equal to d(xg):

d(x)é(x — x0) =d(x0)6(x — xop). (2.68)

This use of the § function is important because it provides a mechanism whereby
sampling can be represented as the linear process of multiplication. This makes
it relatively straightforward to interpret the effects of sampling in the conjugate
domain.

Note that multiplication with the § function is not equivalent to sampling the
function. Rather, multiplication with §(x — x¢) results in a § function positioned
at x = xp that is scaled by the sample value of the function. The distinction is
important and the § function cannot be omitted. In addition, the é function carries
the positional information associated with the numerical value.
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If a function of infinite extent is sampled at points with uniform spacing x,
this gives an (infinite) sequence of sample values, d(nx() or equivalently d,,, cor-
responding to values of d(x) at positions x = nxo where »n is an integer. The sam-
pling of a function is therefore represented as multiplication of d (x) with an infinite
array of 8 functions (Figure 2.16) resulting in d'(x) where

df(x) = d(x) Z §(x — nxp) = Z dnxg)d(x —nxp)  (2.69)
= Z d,8(x — nxgp). (2.70)

n=—00

We use Eqgs. (2.69) and (2.70) as our definition of sampling, where d(x) is called
the “presampling” signal and d (x) is a sequence of scaled § functions. Note that
this definition of sampling does not represent a physical measurement process,
only the evaluation of a function. A physical measurement would require the use
of a sampling function having finite spatial extent that would reflect the spatial
sensitivity of the detector as used in Section 2.2.4 in the description of distribution
theory. The § function can be interpreted as an “ideal” sampling function having
infinitesimal width.

The function d'(x) is also referred to as a pulse-amplitude modulated (PAM)
signal, consisting of a sum of modulated pulses at uniform spacings xo. Many
important concepts used to describe digital images come from the electronic com-
munication field, where signals are sampled at uniform time intervals rather than
uniform space intervals.

A comment on units is warranted here. A § function has units equal to the
mverse of its argument—see Eq. (2.11). In Eq. (2.69), 6(x — nxg) therefore has
dimensions of length~! and hence d' (x) has dimensions equal to those of d(x) x
x~! which are different from those of d(x).

The effect of spatial sampling in both the spatial and spatial-frequency do-
mains is shown in Figure 2.16, where each graph in the right column is the Fourier
transform of the corresponding graph in the left. Multiplication in the x domain
corresponds to convolution in the # domain. Thus, the Fourier transform of d (x),
as shown in the lower right of Figure 2.16, is given by

1 n
t = - —
Fld (x)}_.D(u)*xO > 8(u ) 2.71)

X
n=—o0 0

where D(u) is the Fourier transform of d (x). The Fourier transform of d (x) there-
fore consists of D(u) scaled by 1/xp and superimposed with an infinite number of
similarly scaled aliases of D(u) centered at frequencies u = n/xg. As shown in
Figure 2.16, the aliases may overlap if D(u) extends beyond u = +1/2xy where
1/xg 1s the “sampling frequency,” and 1/2xy is called the sampling “cutoff fre-
quency.” If aliasing occurs, the true Fourier transform D(u) cannot be determined
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from the aliased Fourier transform alone. This is equivalent to saying that the orig-
inal function d(x) cannot be determined from the sample values d(nxg) alone once
aliasing has occurred.

2.4.3.1 The sampling theorem

The above considerations lead directly to a statement of the sampling theorem,
adapted from Bracewell [14]:

Any band-limited function having infinite extent and no component frequencies
at frequencies greater than u = u,,, can be fully determined from an infinite set
of discrete samples if sampled at a frequency greater than uyy = 2up,, Where
upy 1s called the Nyquist sampling frequency.

This is just the condition to prevent overlap of the aliases in Figure 2.16. An even
function (e.g., a cosine wave relative to the sampling grid) can be fully determined
when sampled right at the Nyquist frequency, but an odd function (e.g., a sine
wave relative to the sampling grid) must be sampled slightly above the Nyquist
frequency. As a rule of thumb, it is wise to sample at a frequency greater than the
Nyquist sampling frequency, such as u; given by

Us = fr Xuny = fi X 2umay, (2.72)
where f; &~ 1.2 is an empirically determined constant called the “Kell” factor.

2.4.3.2 Recovering a continuous function from sample values

The question should be asked whether the original presampling function d(x)
can be recovered exactly from the sample values d,. In the conjugate domain this
question is equivalent to asking whether D(u) can be recovered exactly from the
aliased spectrum F{d'(x)} in the lower right of Figure 2.16. In the absence of
aliasing such that there is no overlap of the aliases, the original primary spectral
component can indeed be isolated from its aliases by multiplication with the rect-
angular function xIT1(xou) having a value xo over —1/2xg < u < 1/2x¢ and zero
elsewhere where x is the sample spacing. This rectangular function has an inverse
Fourier transform sinc(r x /x¢), and hence the recovered signal d (x) is obtained as
a convolution of dT(x) with the sinc-function

d(x) = df(x) * sinc(rx /xp) (2.73)
o ‘ x—x )
= / Z d,8(x" — nxg) smc(ﬂ - )dx (2.74)

s *© ’ . x—x' ’
=Y dy f 8(x’ — nxq) sinc( 7 dx (2.75)
—00

Xi
n=—oo 0
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Figure 2.17: The recovered function d (x) is obtained by convolving dT(x) with
sinc(mrx /xp), resulting in the superposition of a scaled sinc function for each sampled point
as indicated by the dashed lines in ¢). Only the magnitude is shown in the frequency domain.

ad X —Nnx
=Y 4, sinc(n 0), (2.76)

again using the sifting theorem. Convolution of the sample values with the sinc
function is sometimes referred to as sinc interpolation.

Thus, as illustrated in Figure 2.17, recovering the continuous function is
achieved by the superposition of a series of scaled sinc functions corresponding
to each sampled valued. Each sinc function has a value of zero at positions corre-
sponding to all other sample locations, and hence the value of d(x) is still equal
to d(x) for x = nxp. Use of the sampled function dT(x) with § functions is key to
enabling this elegant representation.

The recovered continuous function d(x) is exactly equal to the original presam-
pling function d(x) orly if there is no aliasing resulting from the sampling process.
Aliasing would correspond to an overlap of the central component with the shifted
spectral aliases (as illustrated in Figure 2.16) which could therefore not normally
be isolated from the aliases.

2.5 Stochastic processes in linear systems

A random (stochastic) process can be viewed here as any mechanism giving rise
to random fluctuations in a signal, generally represented as a random variable. It is
not possible to precisely predict the future values of a random variable, but it may
be possible to determine its statistical properties. Excellent general references for
a description of stochastic processes are Papoulis [17] or Bendat and Piersol [16].
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In this section, the mathematical tools required to characterize noise in medical
imaging systems are summarized.

2.5.1 Deterministic versus stochastic systems

A distinction can be made between deterministic systems and stochastic sys-
tems [17]. A deterministic system, when presented with two identical inputs, will
produce exactly the same output both times. There will be absolutely no difference,
even under close examination. On the other hand, a stochastic system, when pre-
sented with two identical inputs, may produce similar outputs but they will not be
exactly the same. There are many reasons why the two sample outputs may differ.
For instance, some systems may use secondary image quanta (e.g., light gener-
ated in a screen, electron-hole pairs in a detector, etc.) to transfer the image from
input to output, and the statistical properties of these quanta may introduce a ran-
dom component in the output image. These systems are therefore fundamentally
stochastic systems, independent of the statistical properties of the incident x-ray
quanta.

2.5.2 Expected value and variance

The simplest way of characterizing a random variable is in terms of its expected
value and variance. The expected value of the random variable a is E{a} given
by [17]

Ela} = foo ohgy (o) de, 2.77)

where 1, (o) is the probability of a having the value . The variance expresses the
expected value of the squared deviation from the expected value, given by [17]

o2 =E{|AaP} =E{|a - E{a}|*} =E(a?) - [E{a} ", (2.78)
where Aa =a — E{a}.

2.5.3 Autocorrelation and autocovariance
If a(x) is a complex random variable expressed as a function of x, the autocor-
relation of a(x) is R, (x’, x” + x) given by [17]
Ro(x',x" +x) =E{a(x')a*(x’ +x)}, (2.79)

where * indicates a complex conjugate. When a(x) is a real-only value, a*(x) =
a(x). The autocorrelation describes the correlation of a(x”) with itself at a location
displaced by x.
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The autocovariance describes the correlation of a(x’) with itself at a location
displaced by x about the expected values. Thus, the autocovariance of the random
variable a(x) is [17]

Ko(x',x' +x) = E{Aa(x")Aa*(x" + x)} (2.80)
= Ro(x',x" +x) —Ela(x)}E{a* "+ x)}.  (2.81)

2.5.4 Wide-sense stationary (WSS) random processes

If a is a real-valued random variable for which the expected value and variance
are stationary, that is, have fixed values, the expected value E{a} is given by the
sample mean in the limit of N — oo,

N
1
E{a}:ngnoo—ﬁZan, (2.82)

n=1
where a,, is the nth value of a, and the variance by

N

.1 2
o} = ngnooﬁr;(an — E{a}) (2.83)
lim — i 2 _ | ia : (2.84)
= _— a, — — . .
NoowoN—1| 4" N\&=™

A random process in x having all statistical properties stationary with x is
called strict-sense stationary (SSS). A process having at least the expected value
and autocorrelation stationary in x is called wide-sense stationary (WSS). For in-
stance, if a(x) is a WSS random process, the autocorrelation in Eq. (2.79) depends
on the separation x, but not on the position x’. This simplification means that [17]

Ra(x', x" +x) =Rg(x), (2.85)

and

Ko(x', x' +x) =Ka (x). (2.86)
If a(x) is a real process, R, (x) and K, (x) are real and even.

2.5.4.1 Noise power spectrum of a WSS random process

The autocovariance of a WSS random process, K, (x), provides a complete de-
scription of the second-order second-moment statistics in the spatial domain. In
the spatial-frequency domain, the same statistics are described by the Wiener spec-
trum, equal to the Fourier transform of the autocovariance function. The Wiener
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spectrum describes the spectral decomposition of the noise variance of a WSS
random process. That is, it describes the contribution to the variance from spatial
frequencies between u and (u + du).

For historical reasons, the Wiener spectrum is also called the noise-power spec-
trum (NPS). This resulted from the fact that if a(z) represents a random (in time)
voltage fluctuation across a pure resistance of one ohm, the expected average power
dissipated by the resistance is given by the variance of a(t). Thus, the spectral de-
composition of the variance is called the power spectrum, or noise power spectrum,
or sometimes the covariance spectrum [17].

In an imaging context, the NPS of a random process a(x), NPS,(u), is ex-
pressed as a function of spatial frequencies (u) rather than temporal frequencies (¢),
and can be written in terms of the autocovariance as

NPS, (1) = F{K,(0)}. (2.87)

Thus, the NPS and the autocovariance of a WSS random process are Fourier-
transform pairs. If a(x) is a real function, NPS, (1) is real and even.

2.5.5 Ergodic WSS random processes

Use of Egs. (2.80) to characterize image noise requires the expected values
Efa(x)} and E{a(x")a*(x" + x)} for each x value, which may be difficult or im-
possible to obtain in practice. Fortunately, many random processes responsible for
noise in medical imaging systems are ergodic or can be approximated as being er-
godic. Being ergodic means that expected values can be determined equivalently
from ensemble averages or spatial averages [17]. Thus, while the autocovariance
is given by Eq. (2.80) based on true expectation values, an estimate of the autoco-
variance for a WSS mean ergodic random process is given by the sample autoco-
variance, K, x(x), which is a spatial average,

1
Ko x(x)= Y/ Aa(x"A.a*(x" + x)dx’ (2.88)
X
In the limit of X — oo, the sample covariance gives the autocovariance:

Ko(x) = lim Kg x(x) (2.89)

lim I:—l-/ a(xa*(x" +x)dx’
X Jx

X—>o0
1 ! /l ket !/
—Y/Xa(x)dx X/Xa (x +x)dx] (2.90)
1

= lim — [ Aa(x)Aa*(x' +x)dx’ (2.91)
X—-00 X Jx
= Aa(x) » Aa*(x), (2.92)

where « represents the correlation operation.
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2.5.5.1 Noise power spectrum of an ergodic WSS random process

The NPS of a WSS random process is given by Eq. (2.87), and K, (x) for a
WSS ergodic random process is given by Eq. (2.91). From this it can be shown
that the NPS of a WSS ergodic random process is given by

2
NPS, (1) :x“l“oo}lZE[ [ date e as l 2.99)
— fim ~E{[Fx{aat))[). (2.94)

X—o00 X

where Fy{Aa(x)} is the Fourier transform of the zero-mean function Aa(x) trun-
cated to the region — X /2 < x < X/2. Equations (2.87) and (2.94) can each be used
to determine the NPS of a WSS ergodic random process. The units of NPS, (1) are
equal to those of a?(x) x x.

The variance of an ergodic WSS random process a(x) is given by

of = Ela(x)a*(x)} — E{la(x)}E{a*(x)} (2.95)
= E{Aa(x)Aa*(x)} (2.96)
= Kg(x)|x=o0, (297)

and therefore the Fourier DC theorem shows that the variance of a(x) can also be
written in terms of the NPS as

o= / ” NPS,(x) du. (2.98)

—00

In summary, use of Fourier-based descriptions of image noise requires two im-
portant assumptions. The first is that processes responsible for noise both in the
input signal and within the imaging chain be wide-sense stationary (WSS). This
means that the mean and autocovariance of the noise processes, and the second-
order noise-transfer characteristics of the imaging system, are stationary in x. This
condition is often satisfied for the analysis of noise in low-contrast imaging tasks.
The second assumption is that the system be ergodic. While it can be difficult
to prove ergodicity, many systems of practical importance can be considered er-
godic if practical approximations are made. For instance, the expectation values of
image-intensifier-based video systems can be determined from multiple sequential
video frames and the system can be considered ergodic if the analysis is restricted
to central regions of the image. Stimulable phosphor or film-screen-based systems
have grain noise that is not ergodic, and which may have to be addressed as a
separate noise source.
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2.5.6 Ergodic wide-sense cyclostationary (WSCS) random processes

Another important category of stochastic processes are those that exhibit some
periodic behavior but which have statistical properties that are still invariant to
a shift of any multiple of that period (Papoulis [17], Gardner and Franks [23]).
A process is called strict-sense cyclostationary (SSCS) with period xg if all its
statistical properties are invariant to a shift of nx( for any integer n, and wide-sense
cyclostationary (WSCS) if only the mean and correlation are invariant. Thus, a(x)
1s WSCS with period xg if

E{a(x+nxo)} :E{a(x)}, (2.99)
and
R (x" +nxg, x' +x +nxg) =R, (x’, x" 4+ x), (2.100)

for any integer n. In imaging, an important type of cyclostationary process is that
which can be written in the form

o0

a(x) = Z ans (x — nxp), (2.101)

n=—00

where s(x) is called the sensing function of the WSCS process. The expected value
of a(x) is given by

E{a(x)} = E{a,} Z s(x — nxgp), (2.102)

where E{a,} is the expected value of a,,. For WSCS ergodic random processes, the
autocorrelation is given by

Ra(x) = )—Clgn;ooRamxo)r(x), (2.103)
where
0.0}
t(x):/ sONs(x" +x)dx’ =s(x) * s(x). (2.104)
—0

Wide-sense cyclostationary ergodic random processes are important in the
description of digital-imaging systems. For instance, if a(x) is a WSS ergodic
stochastic process that is represented with the digital samples a,, = a(nxg) obtained
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using impulse sensing functions at uniform spacing xg, s (x) = fo:_ o0 0 (x —nxp),
then a’(x), given by

oo

a'(x)=Y" a.8(x —nxo), (2.105)

h=—0C0

is an infinite train of amplitude-modulated § functions and is a WSCS ergodic
random process with period xo. The expected value of a’(x) is given by [17, 23]

E{a'(0)} =Efa,} ) 8(x —nxo). (2.106)

n=-0o0

The autocorrelation of af (x), R,t(x), is given by

[~ 1 >
Ri() == Y Ra(nx)d(x —nxp)=—Ra(x) Y  8(x —nxp), (2.107)
X() n=—o .XO n=—00
where R, (x) is the autocorrelation of a(x). Similarly, the autocovariance, K+ (x),

is given by

= 1 o~
K@= ), Kalnxo)b(x —nxo) = =Ka(x) ) 8(x —nx), (2.108)

n=—00 n=-—00

where K, (x) is the autocovariance of a(x). The units of K+ (x) are equal to those

of a?(x) x x~2.

2.5.6.1 Noise-power spectrum of an ergodic WSCS random process

In the previous section, NPS, (1) was introduced as the NPS of a WSS random
process, given by the Fourier transform of the autocovariance of that random pro-
cess. Following Gardner and Franks [23], we introduce NPS ,+(u) as the Fourier
transform of K,+(x), the autocovariance of the WSCS random process a(x) is
given by

NPS,t (1) = F{K,t(x)} (2.109)

3 a(u—xﬁ), (2.110)
0

n=-—-0oo

1
== NPS, (1) *
X0

with units of a?(x) x x~!. It is important to note that these units are different from
those of NPS, (1), which are a?(x) x x.

This result shows that the NPS of a random-process periodic in the spatial
domain with period xq is periodic also in the spatial-frequency domain with pe-
riod 1/xp. This has important implications when used to describe noise in digital-
imaging systems which may suffer from noise aliasing {Section 2.9.3).
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2.6 Metrics of system performance

The stochastic nature of image quanta imposes a fundamental limitation on the
performance of imaging systems, and gives rise to stochastic fluctuations in the
image signals contributing to image formation. In this section, metrics developed
to describe image quality in terms of signal and noise are described within a linear-
systems framework.

2.6.1 Rose model signal-to-noise ratio

The importance of the statistical nature of image quanta to imaging was first
recognized in 1948 by Rose [2, 3] and his contemporaries [24-26], and their work
forms the basis of many introductory texts on the nature of signal and noise in
radiography. The relationship between the number of image quanta and perception
of detail is embodied in the “Rose Model,” as it has come to be known, describing
the signal-to-noise ratio (SNR) for the detection of a uniform object in a uniform
background having a mean g, quanta per unit area. If g, is the mean number of
quanta per unit area in the region of the object, the resulting contrast C can be
written as

C =@y —q0)/9- (2.111)

Rose defined “signal” to be the incremental change in the number of image quanta
caused by to the object integrated over the area of that object. This is different from
the definition of signal used elsewhere in this chapter, and hence we will call his
signal the “Rose signal,” ASp ., or difference signal, where

ASRose = (@ — q0)A, (2.112)

for a uniform object of area A. The noise in Rose’s signal is the standard deviation
in the number of quanta in an equal area of uniform background, o3. For the special
case of uncorrelated background quanta, noise is described by Poisson statistics
and o3 =,/ Aq,, so that the Rose SNR, ASNRR ¢, 1s given by

ASNRp g = 240 =90 _ ¢ /3= (2.113)
vV Ag
Rose showed that ASNR g, must have a value of approximately five or greater
for reliable detection of a uniform object under these conditions.

This result led to the general expectation that lesion detectibility should be
proportional to object contrast and to the square root of object area and radiation
dose (at a single x-ray energy). Under the Rose conditions (uniform object, uni-
form background, and uncorrelated Poisson-distributed noise), this relationship is
found to be approximately correct. For instance, Figure 2.18 shows an image of
a contrast-detail phantom obtained using a prototype digital x-ray mammography
detector. Examination of this image shows that detectibility of these low-contrast
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lesions increases with lesion diameter (square root of area) and contrast, consistent
with the Rose model.

Some implications and limitations of the Rose model are described in terms
of modern detection theory by Burgess [27]. He shows that the Rose model corre-
sponds to the very specific detection task called “signal known exactly” (SKE) and
“background known exactly” (BKE) detection task [27, 28].

The Rose model played an essential role in establishing the fact that image
quality is ultimately limited by the statistical nature of image quanta. However, its
limitations quickly become apparent when used to assess image quality in many
practical situations. The primary restriction is the definition of noise used by Rose
in Eq. (2.113), which is valid only for uncorrelated Poisson-distributed noise. In
general, noise in a recorded image is neither uncorrelated nor Poisson distributed.
This may be because of the presence of additive system noise (e.g., electronic or
film noise), quantum amplification stages in a cascaded system (described later), or
statistical correlations introduced into the image signals by the scatter of x rays or
secondary image quanta in the detector system (e.g., light in a radiographic screen).
For all of these reasons, the original Rose model needs appropriate extension and
elaboration to be of practical value in the analysis of most modern medical-imaging
systems. The use of Fourier-based metrics of image signal and noise facilitates this
extension.

Figure 2.18: Image of a contrast-detail test phantom obtained with a prototype digital x-ray
mammography detector. Lesion contrast increases in the horizontal direction and lesion
diameter increases in the vertical direction (courtesy M. Yaffe).
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2.6.2 Noise-power spectrum (NPS) and variance

The NPS of a one-dimensional random process d(x), NPSy(u), s given by
Eq. (2.87) for a WSS random process, and by Eqs. (2.87) or (2.93) for an ergodic
WSS random process. Thus, NPS;(u) has units of d?(x) X x.

The NPS of a two-dimensional ergodic WSS random process d(x,y),
NPS4(u, v), is given by

NPS4(u, v)
1 . 2

= 1 —E Ad(x, y)e R+ qx 4 2.114

X,Y—1>nolo,oo XY [ fX/y (x. y)e Shed ( )
) 1 2

= 1 — E{|Fx y{Ad(x, 2.11
X,Y—1>n;o,oo XY {’ X’Y{ & y)}| } @115)

= lim E{Saaxr@, v}, (2.116)
X.Y-->00,00

where Fy y{d(x, y)} is the Fourier transform of d(x, y) truncated to the region
~X/2<x<X/2,-Y/2<y<Y/2, and Saq4 x y(u,v) is the two-dimensional
sample spectrum of Ad(x, y) over the same range. The units of NPS;(u, v) are
equal to those of d(x, y) x x2.

2.6.2.1 NPS in one and two dimensions

While a two-dimensional analysis of the NPS is sometimes necessary [29],
visualization in two dimensions can be problematic. In many situations it is ade-
quate to examine the two-dimensional NPS in only one specified direction at a time
(which we will call the x direction with corresponding spatial frequency u), where
the dependence in the perpendicular direction has been removed by integration.
For instance, if we define dy (x) as the integral of d(x, y) over a distance Y in the
y direction, then

dY(x)=/d(x,y)dy, (2.117)
Y

and the NPS of dy (x), NPSg, (1), is given by

NPSg, (i)

1 X
= lim E[——‘ / Ady (x)e i 2mux gx
X,Y-oo,00 | XY |Jx

] [/ Ad(x, y)e-i2rt(ux+vy) dy:l dx
XLJY v=0

2
} (2.118)

1 2
li E{— ,(2.119
X,Yj»nc}o,oo [XY ] ( )
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which is the two-dimensional NPS of d(x, y) evaluated along the v = 0 axis.
Therefore,

NPSy, (1) = NPS (i, v)]—o. (2.120)

Thus, the NPS of a two-dimensional random process, d (x, y), whether expressed as
a one-dimensional or two-dimensional NPS, will have the units of |d(x, y)|? x xZ.
The NPS of both analog and digital images is generally expressed in units of mm?.

The NPS and the autocovariance are Fourier pairs. The autocovariance of dy (x)
is therefore related to that of d(x, y) by

|
Kay (0= lim = /Y Ka(r, ) dy, @.121)

as a direct consequence of the central-slice theorem.

2.6.2.2 The zero-frequency value of the NPS

The value of NPS, (u) for u = 0 is called the zero-frequency, or scale, value of
the NPS. Using the Fourier DC theorem and Eq. (2.87), the zero-frequency value
can be written as the autocovariance integrated over all x:

NPS, (u)|y=0 = /OO Ka(x)dx (2.122)
— /oo E{Aa(x)Aa(x'+ x)} dx. (2.123)

The zero-frequency value of NPS, (1) therefore depends on the extent to which
Aa(x) may be correlated.

To facilitate further analysis, it is useful to define an average correlation length
of the random process a(x), X, . It is defined such that if a(x) has the autocovari-
ance K, (x), the area of the rectangle formed by X, and K, (0) is the same as that

Spatial Domain Spatiai-Frequency Domain
Autocovariance NPS
2
Sa
<4+ X u
Xcor

Figure 2.19: The average correlation length of a(x) is defined as X, the effective width
of the autocovariance function K, (x) forming a rectangle with the same area as K, (x).
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of K, (x), as illustrated in Figure 2.19. That is,
[o.0]
/ Ko () dr = XoorKa (0). (2.124)
—00

The value K, (0) is equal to the variance 03, and hence combining this result with
Eq. (2.122) gives

NPS, () lu=0 = Xcora 2. (2.125)

In an analogous way, the zero-frequency value of a two-dimensional NPS is given
as

NPS,(t, =00 = [[, o7 drdy =Acroy, (2.126)

where A, is the two-dimensional average correlation area.

An important special case occurs when measurements are made of a random
process, such as variations in optical density of an exposed film. For instance, if
OD(x, y) describes the “true” optical density at position (x, y), measurements of
film density obtained using a rectangular aperture (sampling function) with dimen-
sions X by ¥ and area A = XY can be written as d(x, y) where

x+X/2 py+Y)2

1
d(x,y) = —/ OD(x, y)dx'dy’
AJixp Jy-vp

1 x y
— 0D(x,) *H(i ?) (2.127)

As will be shown in Section 2.7.2, the NPS of d(x, y) is therefore given by

NPS,(u, v) = NPSop(u, v)|sinc(7rXu)sinc(71Yv)|2, (2.128)
where NPSp p(u, v) is the NPS of OD(x, y), and therefore,
NPS,(0, 0) = NPSop(0, 0). (2.129)

If both dimensions of the measurement area X and Y are large with respect to any
correlation distance in OD(x, y), NPS¢ p(u, v) can be approximated as a constant
value for all frequencies at which the sinc functions have a non-negligible value.
The variance in d(x, y) can then be written as

xX
o} = / NPS,(u, v) du dv (2.130)
—00

o0
~ NPSpp(0, 0) f |sinc(nXu)sinc(7er)|2dudv (2.131)
—00

1
= NPS,(0, 0) —, 2.132
d( )XY ( )
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and therefore
NPS,(0, 0) ~ Ac2, (2.133)

where A = XY is the measurement area. Equation (2.133) is in the form expressed
on page 222 of Dainty and Shaw [5]. It shows that for this special case where mea-
surements are made with an aperture (the sampling function) that is large relative to
any correlation distance in the quantity being measured, the zero-frequency value
is approximately equal to the measured variance multiplied by the measurement
area.

This result may be useful when an accurate measure of the zero-frequency
value 1s required. In practice, if Eq. (2.114) is used to calculate the NPS, a zero-
frequency value of zero (or some other erroneous value) may be obtained when
the sample mean is used as an estimate of the expectation value. It is important
to note that the zero-frequency value is generally non-zero, and that its value can
be affected by the measurement process. See the next section and Eq. (2.252) for
additional specific implications of the zero-frequency value.

2.6.2.3 NPS, autocovariance and variance of a distribution of uncorrelated
quanta

An uncorrelated two-dimensional distribution of image quanta g (x, y), such as
a uniform distribution of x rays, has an NPS given by [5]

NPSq(u,v)zE{q(x,y)} =E{q}, (2.134)

which is equal to E{g}, the expected number of quanta per mm?, and is independent
of spatial frequency. Note that the units of the NPS of a quantum image are dif-
ferent from that of an analog or digital image (which are mm?, see Section 2.2.1).
This is because quantum images are distributions, requiring distribution theory for
interpretation, while analog images and digital images are not.

The corresponding autocovariance is given by

Kq(x,y) = E{Aq(X, ) Aq(x" +x, ¥ + )} (2.135)
= {E{lAq(x,y)iz} forx=0, y=0 2.136)

0 forx#0, y#0
= E{q}é(x,y), (2.137)

which is a § function scaled by E{q}. The fact that the autocovariance is propor-
tional to a § function is equivalent to stating that the image quanta are uncorrelated.
That is, there is no statistical correlation of quanta at any position x, y with any
other position x’, y’.
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For this special case of a distribution of uncorrelated quanta, the zero-frequency
value of the NPS is obtained by combining Egs. (2.122) and (2.137), giving

o.9] o0
NPS, (i, V)lu.v=0,0 = / / K (, v) du dv (2.138)
—00 J—00

= /oo /OO E{q}d(x,y)dudv (2.139)
= E{q}. (2.140)

The variance of this distribution of image quanta, given by

o0 o0 o0 0
o} :/ / NPS, (u, v) du dv:/ / E{g}dudv, (2.141)
—00 J —00 —00 v —00

1s undefined.

In practice, a uniform distribution of x rays coming from a medical x-ray tube
will be uncorrelated and as a result have a flat NPS as given by Eq. (2.134) [5].
However, it should be noted that while a distribution of secondary quanta (such
as light from a radiographic screen) will always have an uncorrelated component,
they may also be partially correlated. Thus, the NPS of a distribution of secondary
quanta may not be flat but will always have a non-zero component extending to
essentially infinite frequencies.

2.6.3 Noise-equivalent number of quanta (NEQ)

As indicated above, units of the NPS depend on the physical basis of the image
signal d(x) and may be arbitrary or specific to a particular imaging system. Thus,
use of the NPS for quantifying image noise brought the practical problem of abso-
lute scaling of signal and noise-power spectra. By expressing image noise in terms
of the number of Poisson-distributed input photons per unit area at each spatial fre-
quency, Shaw obtained a common absolute scale of noise—the noise-equivalent
number of quanta (NEQ) [5, 30]. The NEQ of a linear system can be defined as

NEQ(@, 1) = %, (2.142)

for an average input of § quanta per unit area where T () is the system character-
istic function describing signal transfer from input to output of an imaging system
(Section 2.3.2.2). The numerator describes the (squared) expected output signal
in terms of the spatial-frequency response of the system, | T(u)|*. The denom-
inator describes the corresponding output noise power. In general, if the average
output signal from a linear system is d, corresponding to an average uniform in-
put of 7 quanta per unit area, the system large-area gain factor is G = d /g and
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|T(u)| = GMTF(u). Therefore,

72G°MTF2

NEQ(@, u) = qu(u)(“) (2.143)
MTEF2(u)

- — (2.144)
NPS, (1) /d

where NPS; (u) is the output image NPS. The units of NEQ are equal to those of g.
Equation (2.144) is particularly convenient to use in many practical situations
as it only requires MTF?(u) and the NPS normalized by the mean signal squared,

NPS;(u)/ 32, both of which are readily determined experimentally from measured
image data.

Some systems have a nonlinear response and exhibit only small-signal linearity.
A more general form of the NEQ that is still valid for these systems can be written
as [28]

ad|?
7* MTF? (1)

NEQ(q, u) =

, 2.145)
NPS, (2) (2.145)

where 3d /7 is the incremental change in average output signal d attributable to
an incremental change in the average input signal g at an average input level . For
example, film-screen systems have a nonlinear response to x-ray exposure. Using
Eq. (2.145), the NEQ for these systems can be written as [5]

72ly logyo(e)(1/)PMTF?(u)

NEQ(, u) = NPSop () (2.146)
_ (y logyo€)*MTF*(u)
= NPS o700 (2.147)

where y is the slope of the characteristic optical density versus log-exposure curve
(and therefore the system gain factor is G = y log;y(e)(1/g)) corresponding to the
same exposure level (and therefore mean optical density, OD) as the optical-density
NPS measurement, and the MTF corresponds to a small-signal MTF.

The NEQ concept expresses image quality on an absolute scale, independent
of specific system parameters. It gives the number of Poisson-distributed quanta
that would produce the same SNR given an ideal detector. It can be measured for
specific systems at specified exposure levels in various laboratories, and the results
can be directly compared. An image with a greater NEQ corresponds to lower
image noise. An ideal system that transfers both signal and noise with only a scaler
gain factor G results in an NEQ given by
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_ gGl* _ _
NEQ(q, u) = ———(éz_ =4, (2.148)
q

which has no frequency dependence and is the best possible NEQ for an input g.

Interpretation of the NEQ often requires considerable thought, but provides a
great deal of insight regarding the information content of an image. It is a measure
of the density of quanta the image is “worth” [31]. Wagner and co-workers [31-34]
have shown that the NEQ concept can be generalized to other imaging modalities
including computed tomography (CT), magnetic resonance imaging (MRI), and
ultrasound imaging. They introduced the concept of a “system aperture,” a,,, and
showed that it is related to the NEQ through the equation

L[ NEQW)
Gap = [m NEQ) O K

The system aperture is the fundamental measure of resolution in a noise-limited
imaging system [31]. They also showed that for the detection of an object As(x)
having frequency components AS(u), the NEQ is directly related to the “ideal
observer SNR,” SNR;, according to

(2.149)

SNR? = [ |AS(u)|2NEQ(u)du. (2.150)

The ideal observer detects all of the information in the image for the required task,
and SNR; determines the performance of the observer in detection tasks.

Decision-making theory is a complex subject. A summary of important aspects
of image quality, observer performance and detection theory, including the NEQ,
is available as an ICRU report [28] “Medical imaging—the assessment of image
quality” written by some of the most important figures in this field, including Bar-
ber, Brown, Burgess, Metz, Myers, Taylor, and Wagner.

2.6.4 Detective quantum efficiency (DQE)

The NEQ describes the effective number of Poisson-distributed x-ray quanta
contributing to image SNR. Using a similar approach, the detective quantum effi-
ciency (DQE) is a measure of the effective fraction of incident Poisson-distributed
quanta contributing to image SNR. Thus, the NEQ is a measure of image quality
while the DQE is a similar measure of system performance. The spatial-frequency-
deperident DQE was first used during the mid-seventies in an attempt to develop
measures of system performance common to a variety of imaging technologies
by Shaw, Wagner, and co-workers [35, 36], with Wagner and co-workers {28, 36]
deserving much of the credit for championing the widespread application of the
noise-equivalent approach and providing some of the first absolute sets of DQE
measurements. The DQE is defined as [30]

NEQ(g, »)

DQE®, u) = (2.151)
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_ag
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(2.152)

A practical expression for use when measuring the DQE of a linear system is given
by

2
G MTF?
DQE, 1) = qNTd(u)(”) 2.153)
—2
_ d MTF*(u)

In the absence of additive system noise or multiplicative noise such as fixed-pattern
noise, the DQE is independent of ¢ and DQE(q, ) = DQE(«) for a linear imaging
system. The DQE also depends on g for nonlinear systems such as film-screen
systems. The DQE is always dimensionless, and can have a value no greater than
unity.

The term g in Eq. (2.154) is normally interpreted as the total number of incident
quanta per unit area, independent of energy of the quanta. It can be estimated from a
measurement of the actual exposure X at the detector input (excluding backscatter)

X ’ '

where X is the measured exposure (in roentgens), and (®/X) is the x ray fluence
per R for the particular spectrum used. X-ray tube manufacturers may provide this
factor for particular test conditions. Alternatively, if the incident spectrum & (E)
(quanta mm ™2 keV*l) can be either measured or calculated, (®/X) can be esti-
mated for that spectrum as

d kVp o)
(}) - /0 @,e,(E)[Y(E)] dE, (2.156)

where ®,.(E) is the normalized incident x-ray spectrum, and (®/X)(E) is the
fluence per unit exposure for a mono-energetic beam with energy E and is given
by [37] '

(2.157)

where (ien/p)air is the mass energy absorption coefficient (cm?/g) for air, E is
the x-ray energy (keV), e is the electronic charge (1.6022 x 10~1% Coul), W is
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Figure 2.20: The conversion factor ®/ X (quanta mm~2 R~!) is shown: a) as a function
of mono-energetic keV; b) as a function of beam HVL for a mono-energetic beam; c) as a
function of kVp for a poly-energetic beam with various thicknesses of added aluminum; and
d) as a function of HVL for the same poly-energetic beams with added aluminum.

the work function of air (33.97 eV), and @ is the charge liberated in air by one
Roentgen (exactly 2.580 x 10™* Coulkg™!R™!). Values of (®/ X) obtained with
Eq. (2.157) are shown in Figure 2.20(a) for mono-energetic beams with energies
between 20 and 120 keV, and in Figure 2.20(b) as a function of half-value layer
(HVL) in mm of Al for the same beams.

Knowing an actual spectrum accurately is difficult or impractical in most sit-
uations. However, spectra can be calculated theoretically for specific situations
and used to estimate (¥/X) as a function of kVp. Figure 2.20(c) shows values
of (®/ X) calculated using Eq. (2.157) for various thicknesses of added aluminum
and spectra generated using the method of Tucker [38]. It is clear that the actual
value of (®/X) is specific to details of the spectrum used, but insensitive to both
kVp and thickness of added aluminum when expressed as a function of the beam
HVL as shown in Figure 2.20(d). Thus, an estimate of (®/X) with sufficient ac-
curacy can often be obtained using Figure 2.20(d) if the HVL can be measured for
the particular test conditions.
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The DQE is sometimes written as

SNRZ, (u)

DQE(u) = SNR. (&)

(2.158)

although this form must be used with caution. It is only correct if the squared
output SNR is given by SNRg [u) = EzMTFZ(u) /NPS4(u) and the squared in-
put SNR by SNRlZn(u) = SNR{,,,;(u) = q where SNRlZdeal(u) corresponds to a
photon-counting detector rather than any other type of detector such as an energy-
integrating detector. Equation (2.152) should be taken as the general definition of
the DQE.

2.7 Noise transfer in cascaded imaging systems

As discussed in the previous section, image quality is directly tied to the num-
ber of image quanta interacting with the imaging system. However, there may be
additional factors degrading image quality if the imaging system is not optimally
designed. For instance, when input quanta are converted to secondary quanta, such
as the conversion of interacting x rays into optical quanta in a scintillating phos-
phor, image quality may also be influenced by the number of secondary quanta.
One way of understanding the effect of these conversions is to represent the sys-
tem as a “cascade” of multiple processes, and use transfer theory to describe the
transfer of signals and noise through the system.

In addition to understanding the different approaches available for specifying
system performance as described in the previous section, it is often necessary to
determine whether a particular imaging system is performing at a level close to
what can be expected for a particular design. In this section, methods are described
which can be used to predict system performance based on design parameters. The
approach is based on transfer theory, in which a system is modeled as a serial
cascade of many stages. Transfer of signal and noise through the entire system is
predicted from an understanding of the transfer properties of each stage.

In many systems, input x-ray quanta are converted to other forms of energy be-
fore producing a final image. For instance, x rays may be converted to light quanta
in a radiographic screen, which may subsequently be converted to electron-hole
carrier pairs in a detector. In an image intensifier, x rays are converted to light and
then to photo-electrons which are accelerated before being converted to light again
in the output phosphor. In some cases, the number of quanta transferred through
each stage, as well as statistical correlations introduced into the distributions of
these quanta, play critical roles in determining the final image quality. For instance,
an inadequate number of quanta may result in a secondary “quantum sink” (see be-
low) which will degrade image quality. In this section, methods of representing a
complex system as a cascade of elementary stages are described. Transfer relation-
ships are given for the transfer of signal and noise through these stages, and can be
combined to predict the overall system DQE.
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There are three elementary processes that play an important role in under-
standing noise transfer: (a) quantum amplification; (b) deterministic blurring; and,
(c) quantum scattering. They can be cascaded in appropriate serial combinations
where the output of one stage forms a virtual input to the next. Many systems of
practical importance can be modeled, and overall system signal-and-noise trans-
fer determined to a good approximation. In most cases, the input and output of
each stage is a distribution of quanta. These quanta may be of any form, including
X rays, light, and other forms, as long as they can be considered to be independent
of each other. The input and output may even represent the spatial distribution of
some type of event, such as interacting quanta or just photo-electric interactions. In
the following section, noise-transfer characteristics through each elementary pro-
cess and methods of cascading multiple stages to predict system performance are
described.

2.7.1 Quantum amplification

The first elementary process represents a conversion of quanta from one form
to another, such as the conversion of x-ray quanta to optical quanta in a radio-
graphic screen. Both the input and output of this stage are quantum images (Sec-
tion 2.2.1.3). Each input quantum is converted to g output quanta where g is a
random variable characterized in terms of a mean gain factor, g, and variance,
orgz. Thus, if g;,(r) is a sample function describing a sample distribution of input
quanta,

Gour (1) = 8qin(r). (2.159)

Rabbani, Shaw and Van Metter [39] showed that the mean number of quanta in a
quantum image passing through this amplification stage is transferred according to

Qour =8qin> (2.160)

where g;, is the expected number of quanta per unit area in the input and g,,,, is
the expected number in the output. They also showed that the NPS is transferred
according to

NPS,ur (k) = §*NPSin (k) + 71,0 - (2.161)

These expressions can be used to describe the transfer of a uniform distribution
of image quanta through an amplification process as represented graphically in
Figure 2.21, and can be combined with signal-and-noise transfer expressions for
other elementary processes described below to predict the performance of complex
systems.
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Quantum Amplification or Selection

Figure 2.21: The process of quantum amplification (and binomial selection) is represented

as shown here, characterized by a mean gain g and variance crg.

2.7.1.1 Binomial selection

The amplification stage described above can also be used to represent a bi-
nomial selection process, such as the quantum efficiency of a detector. This is a
special case of the amplification process in which g is a random variable that can
have a value of 1 or 0 only. That is, each quantum incident on this selection stage
is either transferred (probability g), or not (probability 1 — g), to the output where
the average value g is the quantum efficiency of the process. As a consequence of
the binomial theorem, the vanance crg‘ becomes [17]

og;—g(l —3). (2.162)
Noise transfer through a quantum selection process is therefore given by

NPSou; (k) = Z°NPS;y (k) +;,8(1 — 8) (2.163)
= Z2[NPSin(k) — Gin] + i3 (2.164)

The component NPS;,, (k) — g;, is called the correlated noise component, and g,
is called the uncorrelated noise component. As shown by Eq. (2.164), it is some-
times said that the correlated component is “passed through” the squared conver-
sion gain g2 in keeping with the ideal of a transfer model, while the uncorrelated
component is passed though g. A significant correlated component occurs when
NPS;, (k) < q;,,. When the input quanta are uncorrelated, in other words, ran-
domly distributed, then NPS;, (k) = g;,. This corresponds to the smallest value
that NPS;,, (k) can have, and results in an output NPS given by

NPSyu: (k) =9;,8, (2.165)
which is the expected result.

2.7.2 Deterministic blur

The second elementary process is called deterministic blurring (Figure 3.22),
describing situations where image blur is accurately expressed as a convolution of
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Qin(r) Qout(r)
NPS;, (k) NPSq, (k)
—» *p(r) p———>

Deterministic Blur (Convolution)

Figure 2.22: Deterministic blur is represented as a convolution (linear filter). It occurs when
the input signal is redistributed with a weighting given by the PSF.

the input with a point-spread function. The input can be either a quantum image
g(r) or an analog signal, but the output can only be an analog signal d(x) where

d(r) = q(r) x psf(r), (2.166)
and psf(r) is the blur PSF. When the PSF is normalized to unity area,
dout = Gin, (2.167)
and
NPS, . (k) = NPS;,, (k)MTF? (k), (2.168)

where psf(r) and MTF(k) are the PSF and MTF describing the weighting of the
blur. Thus, the NPS is passed through the squared MTF. An example of determin-
istic blur is given later in the description of the integration of image quanta in a
digital detector element (Section 2.9.1).

2.7.3 Quantum scatter

Most image-blurring mechanisms, including blur caused by the scattering of
optical quanta in a radiographic screen, are fundamentally scattering processes.
That is, each quantum is randomly relocated to a new location with a probability
described by the normalized PSF of the blur (Figure 2.23). This differs from de-
terministic blur which can be viewed as a redistribution of signal by weights (as
described by the convolution integral), while scatter must be viewed as a redistri-
bution by probabilities. This distinction has been recognized for some time (e.g.,
Dainty and Shaw [5], Wagner [32], Metz [12], Sandrik and Wagner [34], Metz and
Vyborny [40], and Barrett and Swindell [13]). It was first expressed by Shaw and
Van Metter [19], derived theoretically by Rabbani, Shaw and Van Metter [39], and
derived again more recently using point-process theory by Barrett [41].

The output of a scatter stage must necessarily be a sample quantum image and
can be written as

Gour (1) = qin(r) x5 pst(r), (2.169)
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Quantum Scatter

Figure 2.23: Scatter was described by Rabbani et al. [39] and occurs when individual
quanta are redistributed with a probability given by the normalized PSF. it is represented as
a scatter operator in this transfer-theory formalism.
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Figure 2.24: Quantum amplification and scatter operators are cascaded to describe pro-
cesses involving image quanta. An amplification stage followed by a scattering stage as
illustrated here is used to represent the conversion of x rays to light in a radiographic screen.

where psf(r) is the scatter PSF normalized to unity area and *; represents a scat-
ter operator [42]. Rabbani et al. [39] showed that ¢ and NPS(k) are transferred
through a scatter process according to

Gout = Gin (2.170)

and
NPS,u; (k) = [NPS; (k) — G;, ]MTF2(k) + G, (2.171)

where psf(x) and MTF (k) are the PSF and MTF describing the scattering proba-
bilities normalized to unity area.

It is worth noting other differences (and similarities) between deterministic
blur (Eq. (2.168)) and quantum scatter (Eq. (2.171)). For instance, deterministic
blur will always pass the NPS through the squared MTF. This blur corresponds
to the linear filter described in many standard texts on linear systems and Fourier
transforms. Scatter is a stochastic translated point process and will pass the corre-
lated component of the NPS through the squared MTF, resulting in a frequency-
dependent noise term. The frequency-independent term corresponds to the uncor-
related noise component, and is not passed through the MTF [39]. Other properties
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of this scatter operator, which has also been called a “stochastic convolution,” are
described elsewhere [42].

The three elementary processes, amplification, convolution, and scatter, can be
cascaded to represent a wide variety of physical process. Of particular importance
1s the simple cascade of an amplification stage followed by a scattering stage as
illustrated in Figure 2.24. This combination can be used to represent the conversion
of x rays into light in a radiographic screen, including the scatter of light within the
screen.

2.8 Cascaded DQE and quantum sinks

2.8.1 Particle-based approach

Noise transfer through a cascaded system was first examined for the analysis
of cascaded multi-stage photo-multiplier detectors by Shockley and Pierce [43]. In
particular, Zwieg [25] showed that the DQE of a system consisting of M Poisson
gain stages is given by

1
DQE(u) = T 1 1 (2.172)
M+ —4+—+ -+ —
81 8182 81---8Mm
1
:1+1+1+ N B (2.173)
P P Py

where P; is the product of the gains for all stages preceding and including the jth
stage:

J
P, =]‘[§,.. (2.174)

Equation (2.173) is particularly useful. It shows that the system DQE is degraded
if the value of P; for any stage is less than approximately one. P; gives the number
of quanta at the jth stage normalized to the number of input quanta and, if this
number is less than one, the system is said to have a “quantum sink” at that stage.
In this type of analysis, the first factor Py is generally the quantum efficiency of
the detector, which is always less than unity. This is sometimes called the primary
quantum sink. It is particularly important during the design of any system to ensure
that an adequate number of quanta will exist at each subsequent stage to avoid
any secondary quantum sinks. In general, Eq. (2.173) suggests that a secondary
quantum sink would be avoided so long as the condition

P; > 10, (2.175)
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Figure 2.25: Particle-based QAD analysis showing P; as a function of stage number j.

is satisfied. However, as shown in the next section, this condition is not restrictive
enough to be useful in practice.

This simple quantum-sink analysis can be performed for an imaging system
based on design parameters by representing the system as a simple cascade of
amplification stages. The factors P; can be illustrated graphically as a function of
the stage number j as illustrated in Figure 2.25, clearly showing the existence of
a quantum sink if any of the factors is less than, or close to, unity. It is often the
first step in assessing the potential of any system design for producing high-quality
images [44-48].

This type of analysis in imaging can be traced directly to Albert Rose in the
nineteen-forties. He published what is thought to be the first analysis of this type in
which he assessed a video chain using a model that included the television pickup
tube and lenses, video amplifiers and CRT display, and the retina in an observer.
He plotted the number of image quanta at each stage and showed that two quantum
sinks were predicted: one at the photo cathode of the pickup tube and the other at
the photo surface of the retina [3].

This approach is useful for “back-of-the-envelope”-type calculations of the
DQE. However, it is now known to be overly simplistic and responsible for much
wasted effort in the development of some new designs because of its failure to
predict quantum sinks at non-zero spatial frequencies. Even today, Eq. (2.173) is
sometimes used to predict a high DQE for system designs that have no chance of
success. For this reason, it is labeled as a “particle approach,” and must be inter-
preted with caution.



Cascaded DQE and quantum sinks 133

2.8.2 Fourier-based Approach

The particle-based Zwieg-type model was generalized to include second-order
statistics by Cunningham et al. [49] using the noise-transfer relationships of Rab-
bani et al. [39]. They showed that the frequency-dependent DQE of a cascaded
system consisting of M amplification and scattering stages is described by

DQE(u)

- > - , (2.176)
L+eg MTF@) 1 + &4, MTF3, (1)

§MTF? (u) 21 EMMTFi(u) .. .MTF3,(u) -

where &g is called the amplification Poisson excess of the jth stage given by

gg, ==L — 1. (2.177)

The amplification Poisson excess is the relative amount by which the variance ex-
ceeds that of Poisson amplification. Poisson amplification corresponds to a vari-

ance ogzj = g; and excess &g, = 0. Deterministic gain (a gain with no random
variability) corresponds to a variance U;?j = 0 and excess &g, = —1. MTF; (u) is

the MTF resulting from the scattering process at the jth stage. Each stage can rep-
resent only an amplification or scattering process, but not both. For amplification
at the jth stage, MTF ;(u) = 1. For a scattering jth stage, g; =1 and g5, = —1.

In practice, the excess terms are often small enough to be neglected and
Eq. (2.176) then simplifies to

DQE(u) ~

- : (2.178)

t e Tt s MR 2
2\ MTF2 () Z,...EyMTF3(u) .. . MTF2, (u)

1
= 1 —, (2.179)

et T W

where P (u) is the product of all gains and squared MTF’s for all stages preceding
and including the jth stage:

j
P;(u) = [ &:MTF; (). (2.180)

i=1

The Fourier-based Eq. (2.179) has a pleasing symmetry with the particle-based
Eq. (2.173), although it differs in an important respect. It shows that scattering
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stages degrade the DQE dramatically when the MTF value drops with increasing
spatial frequency. The simpler particle-based analysis may not predict a secondary
quantum sink when in fact image quality is being degraded for that reason at non-
zero spatial frequencies.

Additive noise may, in principle, be added to the image by components in the
imaging chain. This source of noise is ignored here for simplicity, but can be in-
corporated into an estimate of the DQE if necessary [49]. In addition, it should
be noted that for systems that may incorporate geometric magnification or demag-
nification of the image (such as with an image-intensifier based system), g and
NPS(u) must be expressed relative to a fixed plane of reference. For convenience,
that plane of reference is often the input surface of the detector.

2.8.3 General criteria to avoid a secondary quantum sink

A general criteria can be developed to ensure that a secondary quantum sink
does not degrade the DQE for any frequency of interest. If the maximum fre-
quency of interest u,,q, 1s taken as the maximum frequency passed correspond-
ing to MTF (u,,4,) & 0.33, then MTF? (tt,4x) 2 0.1 and the following statement
applies:

A secondary quantum sink can be avoided if the condition P; (1) > 10 is satisfied
at each stage in a cascaded system for all spatial frequencies of interest. This
can generally be achieved if all quantum amplification factors subsequent to the
primary selection stage are sufficiently large to ensure that

P;(0) > 100. (2.181)

Specific values will depend on system particulars, but it is clear that the frequency
dependence of this type of analysis results in a much more stringent condition as
given by Eq. (2.181) than that predicted by the simpler particle approach given by
Eq. (2.175).

2.8.4 Quantum accounting diagrams (QAD)

The significance of P;(u) is so great in an analysis of system performance that
it is informative to plot P;(u«) as a function of stage number j for any spatial fre-
quency of interest. These graphs have been called “quantum accounting diagrams”
(QAD:s) [49]. They illustrate an “effective number of quanta” (not to be confused
with the noise-equivalent number of quanta, NEQ [5, 28, 32]) at each stage of the
system as a function of spatial frequency.

The QAD for the hypothetical system (assuming typical values for the various
parameters) is shown in Figure 2.26. The abscissa is the stage number, j, for j =
0...M (stage 0 corresponds to the x rays incident on stage 1). The ordinate is the
value of P; (). Multiple lines are drawn indicating multiple spatial frequencies of
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Figure 2.26: Quantum Accounting Diagram of the hypothetical system and simulated im-
ages using a Monte Carlo calculation illustrating the visual impact of the non-zero spatial-
frequency quantum sink.

interest. The lines all start at Po(u) = 1, corresponding to a single incident x-ray
quantum.

The first step is detection of the incident x rays to select those x rays which
interact assuming a quantum efficiency o = 0.5. The QAD lines for all frequencies
therefore decrease from 1.0 to 0.5.

This is followed by conversion of the interacting x rays to optical quanta, as-
suming a conversion factor g = 1000. This value is of course x-ray energy depen-
dent. Therefore, the value chosen is the appropriate average for the actual spectrum
of interacting (not incident) x rays.

The third stage describes the spatial spreading of light in the screen attributable
to geometric considerations and scattering. Details of what causes the spread are
unimportant as long as the MTF of the blur is known, and all optical quanta are
independent. The lines corresponding to each spatial frequency diverge as each
line is decreased to a new value according to the square of the MTF (for that stage)
at each frequency. Thus, at a frequency corresponding to MTF, (1) = 0.1, the QAD
value is reduced by a factor of 0.01 while the QAD value at u = 0 is not decreased
at all. This separation of the various frequency lines may cause a large decrease in
the DQE at high spatial frequencies, with little or none at low spatial frequencies.

The final stage in the model is selection of those optical quanta that escape
from the screen and are coupled from the screen to the detector by the lens as-
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sembly, and are detected by the imaging detector. It may be noted that this process
could also be reasonably represented as several individual selection stages, corre-
sponding to escape from the screen, collection by the lens (solid angle consider-
ations), transmission through the lens, detection by the detector, etc. However, it
has been shown [42] that multiple selection stages can be combined into a single
stage and, in fact, the relative order of selection and stochastic spreading stages
can be reversed without affecting the resulting DQE. Thus, the physicist has some
discretion in choosing how the system is to be represented. The coupling efficiency
giving the probability that an optical quantum exiting from the screen is detected
by the optical detector in the hypothetical system is 8 = 0.02.

Examination of Eq. (2.176) shows that if a single stage has a P (#) value much
less than both unity and all other stages, that value will effectively determine the
DQE of the system. That limiting stage is sometimes called the dominant “quan-
tum sink” because it is the stage with the fewest number of quanta. Figure 2.26
shows that for this system, the dominant quantum sink is frequency dependent.
For example, when u = 0, there is not one single dominant quantum sink, but the
system DQE will be determined largely by the number of x-ray quanta interacting
in the screen (stage 1) with a minor additional degradation due to the number of
optical quanta at stage 4. It is said that a minor secondary quantum sink exists in
the number of optical quanta coupled to the detector. At higher spatial frequen-
cies, the picture changes. For instance, when u =~ 6.0 cycles/mm or more, there is
a dominant secondary quantum sink at stage 4.

The visual effect of quantum sinks in images is illustrated in Figure 2.26.
A Monte Carlo study was performed [50] to simulate the images produced by a sys-
tem with the QAD shown. Images are shown for each step in the cascaded model to
illustrate how they are degraded while transferred through the system. The images
contain 10 two-dimensional sinusoidal patterns with frequencies of 1.0, 1.1, 1.25,
1.4,1.7,2.0,2.5,3.3, 5.0, and 10.0 cycles/mm. Image 0 is an image composed of
the quanta incident on the system, and represents the best possible image that could
be produced with any system. Image 1 is composed of the detected quanta assum-
ing a quantum efficiency of 0.5. The noise in this image has increased By a factor
of the square root of two. Image 3 is composed of the optical quanta as they exit
the screen. Spatial blurring of the light degrades the MTF, and the high-frequency
patterns are harder to distinguish. Noise in this image has also been smoothed by
the effect of optical blur. The large number of light quanta generated for each in-
teracting x ray causes the stochastic blur to behave much like a deterministic blur.
Image 4 is composed of the optical quanta that are coupled through a lens system to
an optical detector. The light collection efficiency of the lens is not enough to avoid
a secondary quantum sink at this stage for spatial frequencies above approximately
2.5 cycles/mm (as shown in the QAD). As a result, image noise masks patterns
above this frequency, corresponding to a degraded DQE. The quantum sink also
changes the appearance of noise in the image, which becomes more uniform for all
spatial frequencies because of the frequency-independent term in Eq. (2.171). This
represents the component of noise resulting from the uncorrelated optical quanta.
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The secondary quantum sink makes this noise component dominant. Details of
the appearance of the images depends on system parameters as well as the value
chosen for g; however, it is clear that image quality in this example is degraded
because of the secondary quantum sink. This system also clearly fails the above
condition expressed by Eq. (2.181) required to avoid a secondary quantum sink.

Image quality (at high frequencies) is therefore being compromised by an in-
adequate number of secondary quanta, and can only be improved by increasing
the value of P4(u). This could be achieved by changing the screen to increase the
number of optical quanta generated per interacting x ray (if that is possible with-
out significantly degrading the screen MTF), or by increasing the optical collection
efficiency by increasing the size (and therefore cost) of the lens assembly. See ref-
erence [50] for more simulated images illustrating the effect of quantum sinks.

The QAD analysis must be considered a “first approximation” to noise analysis,
and reflects only the fundamental noise limitations imposed by Poisson statistics.
It does not reflect noise limitations imposed by additive noise sources such as elec-
tronic amplifier noise. In addition, it will be noted that the gain variances do not
appear in a calculation of the QAD. This is another reason why the QAD is a less
accurate measure of image quality than an evaluation of the DQE with Eq. (2.176)
which can include additive noise [49]. The utility of the QAD approach is that it
is simple, visual, physically intuitive, and clearly identifies where quantum sinks
may exist and what must be done to avoid them.

2.9 Metrics of digital-system performance

An analysis of noise in digital imaging systems is more complex, and the
Fourier-based approach is almost always required. In this section, concepts of the
digital MTF and digital NPS are introduced. These are then used to describe one
way in which the NEQ and DQE of digital systems might be expressed.

A digital-imaging detector is viewed as a two-dimensional array of discrete
detector elements. (Physical detector elements are called “dels” by Dr. Martin Yaffe
to make a distinction from picture elements—“pixels”—as often they are not the
same thing.) The detector produces a signal that is proportional to the number
of quanta interacting in each detector element (Figure 2.27). Thus, each element
functions as a spatial integrator of image quanta.

2.9.1 Detector-element size and the aperture MTF

Integration of quanta in each detector element can be represented as convolu-
tion with an aperture function in the spatial domain, giving rise to a corresponding
“aperture MTF” in the spatial-frequency domain. This is illustrated in Figure 2.28,
where a sample distribution of x-ray quanta g (x) are incident on a detector. The left
column shows g(x) in one dimension, and the right column shows |Q(u)| where
Q(u) is the Fourier transform of g (x).

In the following it is assumed that each detector element has unity quantum
efficiency and a width of a,. The signal from the nth element centered at x = nxy,
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; a(x.y)
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A

Figure 2.27: The detector array consists of an array of detector elements. Each element
produces a signal proportional to the number of quanta interacting in the element.

d,, is therefore given by the integral
nxg+ax/2
d,,:k/ q(x)dx, (2.182)
nxg—ax/2

where k is a constant relating the number of interacting quanta to the detector
output as a digital value. This integral can also be written as

d,,:k/oo q(x)H(x ;"x")dx, (2.183)

where

1—[<x>:{1 for —a,/2<x <ax/2 (2.184)

E 0 otherwise.

Equation (2.183) is recognized as being a correlation integral evaluated at the cen-
ter of the element, x = nxp, and hence

d, =kq(x)*]"[(i) : (2.185)
ax x=nxg
or similarly as the convolution of g (x) with I1(—x/ay),
—X
dy =kq(x) * ]'[(—) = d (%) |x=nxp» (2.186)
ax xX=nxp

where

d(x) = kq(x) * [ [(=x/a). (2.187)
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Figure 2.28: Integration of quanta in detector elements of width a, is represented as con-
volution of g (x) with kTI(x /a,) in the spatial domain, and multiplication with ka, sinc(rayu)
in the frequency domain.

The function d(x) is called the detector presampling signal. It is a sample func-
tion that, when evaluated at positions corresponding to the center of each element,
gives the detector output values for each element. Thus, d(x) describes the detector
signal for all possible detector-element positions, physical and non-physical.

This is a general result, showing that the effect of integrating quanta in a detec-
tor element can be represented as a convolution integral. The function IT(—x/ax)
is the sampling function in the sense of distribution theory (Section 2.2.4), describ-
ing the measurement of g (x). Convolution in the spatial domain corresponds to
multiplication in the spatial-frequency domain, and Eq. (2.187) can therefore be
expressed in the spatial-frequency domain as

D(u) = Q(u)Tq, (u), (2.188)

where D (u) is the Fourier transform of d(x) and T,, () is a characteristic function
given by the Fourier transform of IT1(—x/a,). The aperture MTF, or “del” MTF,
describes how spatial frequencies are passed through the detector elements. When
quanta are integrated in elements of width a,, the aperture MTF is given by

|Ta, ()|

MTF,, (1) = 5=

= [sinc(mayu)|- (2.189)

As the widths of detector elements are decreased, the bandwidth of the aperture
MTF is increased.
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2.9.2 Digital MTF: presampling MTF and aliasing

The quantity d(x) is the presampling detector signal as described in the previ-
ous section, and evaluation of d(x) at the centers of each detector element gives
the detector signal for each element. The process of evaluating a function is called
sampling (Section 2.2.2). Evaluating d(x) at positions x = nxg for all n can be
represented as multiplication with the comb function ¥ 8(x — nxo) giving d'(x),
where

di(x)=d(x) Y S(x—nxo)= Y dd(x —nxo), (2.190)

n=—0o0 n=-00

which consists of an infinite train of § functions scaled by the detector values
d,. This process is illustrated in the two domains in Figure 2.29. Multiplica-
tion with Z;’f’:_oo d(x — nxp) in the spatial domain corresponds to convolution
with (1/x0) ¥ oo _ . 8(u — 1/nxp) in the spatial-frequency domain. Therefore, the
Fourier transform of d'(x) is given by

F{dT(x)}ZD(u)*i Z 5(u— —1—) (2.191)

X nx
0p="o0 0

as illustrated in Figure 2.29 where D(u) is the Fourier transform of d(x). This
illustration shows that sampling d(x) at uniform spacings of x¢ corresponds to

Spatial Domain Spatial-Frequency Domain Spatial-Frequency Domain
a) (magnitude) (NPS)
d(x) (u) NPS,(u)
ANV
X u

b) Xz &x— nx) *l/xuz’b‘(u—n/x“)

M“mwmmmm X l | I u

X, -1/x,

©) =d'x) NPS ()

mmmmm'ﬂl ) -; ) A’/\/\/\

-1/x, -1/x,

Figure 2.29: Sampling a function at uniform spacing xp results in spectral aliasing if the
presampling signal d(x) has frequency components above the sampling cut-off frequency
uc=1/2xp.
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the production of aliases of D(u) at spacings of u = 1/xp. If the aliases over-
lap, aliasing occurs, resulting in a distortion of the image signal at frequencies be-
low the sampling cut-off frequency, u, = 1/(2xp). Excellent descriptions of sam-
pling and aliasing in medical-imaging systems are given elsewhere by Barrett and
Swindell [13], and Metz and Doi [12] among others.

In this section, the effect of the digital detector has been described as a two-
step process: (1) integration of interacting input quanta in each element to produce
a presampling detector signal; and, (2) evaluation (sampling) of the presampling
detector signal to generate the individual detector-element values d,,. In the spatial-
frequency domain, these two processes are described in terms of: (1) the presam-
pling MTF, MTF . (1); and, (2) aliasing as determined by the sample spacing xo.
The overall effect of the detector in the Fourier domain therefore is to attenuate spa-
tial frequencies by the presampling MTF and to introduce aliasing if frequencies
remain that are greater than the sampling cut-off frequency given by u, = 1/(2xp).
Both steps are required for the description of digital detectors. The presampling
MTF can be measured on real systems using techniques such as the slanted-edge
method [29, 51, 52]. Dobbins et al. [53] describe the effects of aliasing and Fourier-
domain phase errors resulting from an inadequate sampling frequency that may be
encountered with digital detectors.

Of particular importance is the case of ideal dels of width xo with no spaces
between the active regions of each del, corresponding to a unity detector fill factor.
The presampling MTF is given by MTF . (u) = |sinc(r x /xo)| which has the first
zero at u = 1/xg, twice the sampling cut-off frequency, and aliasing may be hard to
avoid. If the detector fill factor is less than unity, the bandwidth of the presampling
MTF is increased further, resulting in more aliasing. Aliasing can sometimes be
reduced with the appropriate use of a spatial “anti-aliasing” filter of some sort, such
as the scattering of light in the scintillating screen of indirect flat-panel detector.

2.9.3 Digital NPS: presampling NPS and noise aliasing
The NPS has been defined in Sections 2.5.5 and 2.5.6 for only WSS and WSCS

random processes. However, a digital image consists of an array of discrete val-
ues, d,,, which represent neither a WSS nor a WSCS random process. This minor
dilemma is avoided with the linear-systems approach by noting that d,, are sam-
ples of the detector presampling signal d(x) where d(x) describes a WSS random
process, and the resulting sampled signal d¥(x), an array of § functions scaled by
the values d,,, represents a WSCS random process. The NPS of d t(x) is therefore
given by Eq. (2.110) as

1 i n
NPS;(u)* a<u - x—o) (2.192)

2
X n=—00

1 ad n
= ;: [NPSd(u) +) NPS4 (u + %)} (2.193)

n=1

NPS 1 (u) =
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as illustrated in Figure 2.30(c). It is clear from Eq. (2.193) that the NPS of d' (x)
consists of a fundamental presampling NPS, NPS;(u), plus aliases centered at the
frequencies u = n/xg, scaled by the factor 1 /xé. If the aliases overlap, noise alias-
ing takes place, potentially increasing image noise at all frequencies below the
sampling cut-off frequency.

The sampling theorem states that frequencies above the cut-off frequency u, =
1/(2xp) cannot be represented with samples obtained with a uniform sampling
frequency of u; = 1/xp. We therefore introduce NPS;(«) which is truncated to
this frequency range, and is the NPS of d(x). Truncation in the frequency domain
corresponds to convolution with a sinc function in the spatial domain, and hence
d (x) 1s given by

o0
dw =Y dy sinc(rrx _”x") (2.194)
X0
n=—00
= dT(x) * sinc(mwxou), (2.195)

which is an estimate of d(x), equal to a “sinc” interpolation of the digital values
dp, as llustrated in Figure 2.30(¢). The NPS of d(x) is NPS ;(u) given by

NPS;(u) = NPS 1 (u)x [ J(xou). (2.196)

The functions d(x) and d (x) are equal only if there is no aliasing of d(x).
When the DFT is defined by Eq. (2.63), the NPS estimated from one-
dimensional digital data can be written as

NPSaig ()], = )]CV—O E{|[DFT{Ad,}[’}, (2.197)
%0

where Ad, = d, — E{d,} and is called here the digital NPS. 1t is defined only
for the frequencies evaluated by the DFT, which are u =m /Nxg for —N/2 < m <
N/2—1. At these frequencies it is also equal to NPS (1), and therefore NPS g (1)
is related to the presampling NPS, NPS,(u), by

NPSgiq () = NPS; () (2.198)
= xZNPS 4t (1) (2.199)
o0
= NPSy(u) + Y_NPS; (u + 1), (2.200)
n=1 X0

explicitly stating the undesirable effects of noise aliasing with the second term. It
is satisfying to note that Eq. (2.197) can be viewed as a numerical estimate of the
NPS of d(x) given by Eq. (2.93). Equation (2.200) for the digital NPS was first
described to the medical imaging community by Giger [54].
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Figure 2.30: Schematic illustration describing the NPS of a digital image in terms of
the Fourier transform. Left: spatial domain. Center: magnitude, spatial-frequency domain.
Right: NPS.

2.9.3.1 Digital NPS in two dimensions

The digital NPS for a one-dimensional noise process is given by Eq. (2.197).
However, digital images represent two-dimensional noise processes and hence it
1s necessary to make use of the two-dimensional digital NPS for image analyses
which is given by

X0Y0

NPSgip(u, v) = NN
xVy

E{|DFT?2(Ad,, »,}[*}, (2.201)

for the frequencies evaluated by the two-dimensional DFT, DFT??, where xq and

yo are the x and y spacings of the discrete values respectively. The one-dimensional
NPS of the two-dimensional noise process represented by a digital image is given
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by
Ny—1 2
X0Yo
NPSy; = E 1 |IDFT E Ad, 2.202
dig (u) NN, {nY:O Ny.ny } ( )

Equation (2.202) should be considered a working definition of the digital NPS
for systems analysis after ensuring that the DFT being used is consistent with
Eq. (2.63). The expectation value of the squared DFT can be estimated by squaring
and averaging the DFT of many digital noise images.

2.9.3.2 Digital-detector noise variance

The noise variance in d(x) is conserved by the process of noise aliasing so that

o0
o} = f NPS, () du (2.203)
—
1/2x0
= x} f NPS ;1 (u) du (2.204)
—1/2xy
1/2x0 00 n
— / NPS;(u) + Y _NPSy (u + —) du. (2.205)
—1/2xg =l X0

Noise aliasing cannot be undone once it has occurred. It can be prevented only by
implementing a spatial anti-aliasing filter which would reduce the bandwidth of the
presampling NPS, NPS;(u), such that negligible noise power exists at frequencies
above the sampling cut-off frequency. The calculated pixel variance is given by

1
o} = ~7 > |Ady | (2.206)

2.9.4 Digital NEQ

The NEQ as given by Eq. (2.145) applies to digital systems although made
more complicated by the potential presence of signal and noise aliasing. The nu-
merator describes the system transfer of signals from the input to the output, and
thus the MTF for digital systems is the presampling MTF which includes the aper-
ture MTF. Noise in a digital image is given by Eq. (2.200) and so the digital NEQ
is given by

=12
7 ?g MTF?_ ()

pre

NPSdig (u)

NEQgi, (4, u) = , (2.207)
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foru=m/Nxypand —N/2 <m < N/2— 1, where xg is the center-to-center spac-
ing of detector elements. Thus, for linear digital systems, the NEQ can be calcu-
lated using

MTF?_ (u)
NEQui, @, u) = ——

~ (2.208)
NPSyig(u)/d°

foru=m/Nxpand —N/2 <m < N/2— 1 whenusing a DFT given by Eq. (2.63)
and where NPS;, (1) is given by Eq. (2.202). Interpretation of the digital NEQ is
possibly easier when expressed in the form

d°MTF2,,(u)

o0
NPS,(u) + ) NPS, (u + 1)]
n=1 *0

foru=m/Nxgand —N/2 <m < N/2 — 1. The NEQ is a measure of the noise-
equivalent number of quanta, and is affected by noise aliasing. Signal aliasing adds
an additional artifact that is not included in the NEQ. The digital NEQ 1s defined
only for frequencies less than the sampling cut-off frequency, u, = 1/2xy.

NEQgi, (g, u) = [ , (2.209)

2.9.5 Digital DQE
Similar to the digital NEQ, the digital DQE is defined here as

NEQ,;, (7,
DQEgi,(q,u) = ——M (2.210)
d MTF
= — pre®) , (2.211)
q[NPSd(u) + Y NPS, <u + xi)]
n=1 0

foru=m/Nxgand —N/2<m<N/2- 1.

2.9.6 Signal aliasing

Signal aliasing can also be viewed as a form of image noise, but depends on
specifics of particular images and is not WSS or WSCS. It is therefore not included
in the calculations presented in this chapter. However, it is still important to remem-
ber that signal aliasing may result in additional artifacts and image degradation.

2.10 Analysis of a simple digital detector array

The DQE of a (hypothetical) simple digital detector is described here as an
illustrative example of principles presented here. The detector is illustrated in Fig-
ure 2.31. It consists of a thin scintillating screen bonded to an optical detector array.
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Figure 2.31: Schematic illustration of the hypothetical simple digital detector. The linear-
systems model consists of 6 stages.

While this model is not intended to represent any particular imaging system, it is
essentially a simple model of a hypothetical flat-panel thin-film-transistor (TFT)
array detector, similar to any of several designs being developed elsewhere for ra-
diographic and fluoroscopic applications [55, 56].

2.10.1 Cascaded model

The detector array is modeled as a cascade of six linear stages (Figure 2.31).
The input is a uniform distribution of x-ray quanta represented as the quantum
image go(x, y) (Section 2.2.1.3) with an expected value of g, quanta/mm?. The
NPS of this input quantum image is therefore NPSo (k) = g, (see Section 2.6.2.3).
Transfer of the expected value and NPS through stage 5 and 6 is illustrated in
Figure 2.32.

2.10.1.1 Stage 1: selection of x-ray quanta that interact in screen

Selection of incident x-ray quanta that interact in the screen is represented as
a quantum selection stage (Section 2.7.1.1), which is a special case of quantum
amplification. If the quantum efficiency is «, @ is introduced as a random vari-
able having the values 0 and 1 only with an expected value «. Therefore, using
Egs. (2.160) and (2.164), the distribution of interacting quanta can be represented
as q1(r) having an expected value of g, and NPS of NPS; (k) where

q1(r) = qo(r)a, (2.212)
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Figure 2.32: Transfer of the expected number of image quanta and corresponding NPS at
each stage of the cascaded model. Left: spatial domain. Center: spatial-frequency domain
(magnitude). Right: NPS.



148  Applied Linear-Systems Theory

q = aqy, (2.213)
and

NPS; (k) = a gy, (2.214)

in units of mm™2.

2.10.1.2 Stage 2: conversion to optical quanta in screen

It is assumed that each interacting quantum produces an average of m optical
quanta per interaction with a variance o2 This variance accounts for all variations
in the conversion gain, including Swank noise and a polychromatic x-ray beam.
The conversion gain (Section 2.7.1) is therefore represented as the random vari-
able m and the resulting distribution of optical quanta, expected value and NPS is
obtained using Eqgs. (2.160) and (2.161) giving

q2(r) = qo(r)ma, (2.215)
4, =amq, (2.216)
and
2 Em —
NPS; (k) = am“g, (1 + —:) +amqy, (2.217)
m

in units of mm~2.

2.10.1.3 Stage 3: scattering of optical quanta in screen

It is assumed that all light quanta scatter (Section 2.7.3) with the same point-
spread function psf; (x, y) normalized to unity area, neglecting variable interaction
depths in the screen. The resulting quantum image, expected value and NPS are
obtained using Eqs. (2.170) and (2.171) giving

q3(r) = qo(r)ma %, psf,(r), (2.218)
and
. €m 2 —
NPS3(k) = am’g, (1 + :) IMTF; (k)| + am g, (2.220)
m

in units of mm~2 where %, represents the scattering process [42] and MTF(k) is
the scatter MTF. The gain Poisson excess &y, is related to the gain variance as given
by Eq. (2.177).
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2.10.1.4 Stage 4. selection of light quanta that interact

It is assumed that a fraction B of all light quanta will interact somewhere in the
optical detector array. The factor 8 must include the coupling efficiency of light
from the screen as well as the quantum efficiency of the detector array. It does not
matter where the light quanta interact, and it does not matter if they interact in an
active or inactive region. The factor § describes only the probability of interac-
tion. The expected value and NPS of the distribution of interacting light quanta is
therefore obtained using Eqs. (2.160) and (2.164), giving

q4(r) = qo(r)ma *, pst,(r)B, 2.221)
g4 =ampq, (2.222)

and
NPS4 (k) = amm? 82G, (1 + %) |MTF; (k) |2 + ampBqy. (2.223)

in units of mm 2.

2.10.1.5 Stage 5: spatial integration of interacting light quanta in elements

The detector presampling signal is given by the integral of g4 (r) over rectangles
with width a, and a, corresponding to the width of active regions of the detector
elements, corresponding to a deterministic blur stage (Section 2.7.2). If & is the
scaling factor relating the number of interacting light quanta to the output signal,
the detector presampling signal is given in Cartesian coordinates by

d(x,y) = k{[qooc, y)a] %5 psf, (x, y)B » H(i, l’-) } (2.224)

ay ay

where * represents a two-dimensional convolution integral. The expected detector
signal d is given by

d = kaya,ampBq,, (2.225)

which is unitless, and the NPS by
NPS,(u, v) = k*ala’ [amzﬂzqg(l + 8:'”) |MTF (4, )| +oz'n7ﬁ§0:|
. m

X |sinc(wayu) ]2 |sinc(rrayv) |2, (2.226)

in units of mm?. Note that it is at this stage, after integration of quanta in detector
elements, one must start representing the image as an analog image rather than as
a quantum image. As a consequence, units of the NPS are mm? rather than mm 2.
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2.10.1.6 Stage 6: output from discrete detector elements

The process of obtaining the discrete output signals from each detector element
is represented as a sampling process. If each detector element has a center-to-center
spacing of xp and yg in the x and y directions respectively, the sampled detector
signal d(x, y) is given by

dT(x,y) = k{[qo(x, y)ma] *, psf;(x, y)ﬂ*l_I(__ _)]

Ay ay
[o,8] 0
x Y Z 8(x — nyXo, y — nyYo) (2.227)
Ay=—00Ny=—00
The expected value is given by
o ¢} oo
E{d"(x, )} =ka,ayampBgy Y Y 8(x—nexo,y —nyyo),  (2.228)
Ny=—00 fly=—00

consisting of two- dimensional 4 functions scaled by the digital values d,,, ,, where

the expected value of dp, 1

E{dn, n,} =kaxayampBg,. (2.229)

The NPS of df(x, y), obtained using Eq. (2.193) and generalized to two dimen-
sions, is given by

1
NPS} (4, v) = —— 7 |:NPSd(u V) + Z ZNPSd< :t—(; v+ yo)]. (2.230)

ny=1ny=1

Combining this result with Egs. (2.199) and (2.226) gives the two-dimensional
digital NPS as

NPSig (1, v) = NPSy(u, v) + Z ZNPSd(u:i:—— v+ yo), (2.231)

ny=1ny=1

for frequencies below the sampling cut-off frequencies of u, = 1/2xp and v, =
1/2y0. The digital NPS has units of mm?.
The one-dimensional NPS of this two-dimensional noise process is obtained
by evaluating Eq. (2.231) along the appropriate axis. The NPS in the x direction is
obtained by setting v = 0 and substituting d,, for d,_, giving
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oo
n
NPS i (u) = NPS4(u) + Y NPSy <u + —>, (2.232)
n=1 10
which also has units mm? and where NPS,(u) is the presampling NPS of d(x).

2.10.2 Detector DQE

The DQE of this hypothetical detector is evaluated in the x direction only to
simplify the mathematical expressions by setting v = 0. The DQE is given by
Eq. (2.211) where the presampling MTF is given by

MTEF e (u) = MTF, (u)|sinc(ma,u)|, (2.233)

and the presampling NPS by Eq. (2.226). In the absence of additive noise, these
results can be combined, giving

DQEG) = “MIFs (:o)smcz (rag) (2.234)
n
F(u)Jrnz::1 F(u + x—o)
where
Fu)= [(1 + %)MTFf(u) + m-l—ﬂ:‘sincz(naxu). (2.235)

This result offers little insight into important physical processes without making
some simplifications. For instance, if m8 > 100 as required by the QAD condition
(Section 2.8.3) to prevent secondary quantum sinks, then (m8) ™! < IMTF . (1)|?
for all frequencies passed by MTF (1) with any significance. If it is further as-
sumed that the conversion gain from X rays to light is approximately Poisson so
that |e,,, /m| <« 1 (a good assumption for many scintillating screens including Csl),
the DQE simplifies to

DQE(u)
~ aM;l;Ff(u)sincz(naxu) (2.236)
MTF2 (u)sinc® (raxu) + Y _MTF? (u + i’-)sinc2 (Jrax [u + 1])
n=1 *0 *0
aMTF2,,(u
= _ pre®) . (2.237)
MTE,, () + Y MTF2,, (u + f(;)

n=1
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2.10.3 Noise aliasing, detector fill factor and variance

The effect of noise aliasing on the DQE is given by the second term in the de-
nominator of Eq. (2.237). Noise aliasing can only be avoided if MTF%, () K< 1for
all frequencies above the sampling cut-off frequency |u| > u, where u, = 1/2xy
(Figure 2.32). Two limiting cases are considered as described below.

2.10.3.1 Low-resolution scintillator (correlated quantum noise on detector array)

A “low”-resolution scintillator implies that the system MTF in the x direction
is limited by the screen and not by the detector element size a,. The screen causes
the quantum noise in the optical image incident on the optical detector array to
be correlated, which reduces the noise bandwidth. Thus, sinc?(ayu) is approx-
imately constant for all frequencies of significance passed by MTFE(u) and the
DQE simplifies to

oaMTF? (u)

o0
MTF2(u) + Y MTF? (u + %)

DQE(u) ~

(2.238)

n=1

If the detector elements are sufficiently small and close together that aliasing can
be neglected, that 1s, MTF% (W u=y, < 1 for u, =1/2x0, the DQE reduces to

aMTF2(u)

DQEG) = MTE ()

(2.239)

Thus, for this special case of a quantum-noise-limited detector with sufficiently
small detector elements and no secondary quantum sink, both image signal and
noise are proportional to the MTF in the same way and the DQE is therefore flat
with frequencies and determined entirely by the quantum efficiency of the screen
a, not by the optical digital detector array. In particular, the DQE is not degraded by
the detector fill factor y, yy, defined by yx = ax/xo and yy = ay/yp, having a value
less than unity. This result is only valid as long as additive detector noise can be
neglected. For instance, if the detector fill factor is decreased, the signal decreases
and there may be a point at which detector noise can no longer be neglected and
where this result is not valid. The DQE of a two-dimensional detector array is given
by the same result.

Image noise measured as the variance 03 in detector element values d, is cal-
culated by

o} = T Z[d,, —dP% (2.240)



Analysis of a simple digital detector array 153

The variance is also equal to the presampling NPS integrated over all frequencies
(in two dimensions), given by

o0 0
ol = f f NPSq(u, v) du dv (2.241)
—00 v —00
%2 22| _ap Em > —
:/ / kK aay | am”p gyl 1+ — MTF;(u, v) + ampqy
o0 -0 m
x sinc? (rraxu)sinc2 (rayv)dudv, (2.242)

which simplifies to
o0 o0
o; ~ klalalain’pg, / / MTF2 (u, v) du dv. (2.243)
—00 v —-0C

Thus, for the low-resolution scintillator detector, noise variance is proportional to
the integral of the squared MTF. If the spatial resolution of the scintillator is de-
graded, the width of the MTF is reduced and detector variance decreases. This
means that for a specified detector-element size, less detector noise will be ob-
tained if a lower-resolution scintillator is used and a compromise must be found
between noise and resolution.

2.10.3.2 High-resolution scintillator (uncorrelated guantum noise
on detector array)

A “high”-resolution scintillator implies that the system MTF in the x direction
is limited by the detector-array aperture function rather than by the scintillator. This
corresponds to system designs using very-high-resolution scintillators, and also to
amorphous selenium “direct-detection” flat-panel detectors. Therefore, MTF? (u)
is approximately constant over frequencies passed by sinc?(ra,u) and the DQE
simplifies to

2
DQE(u) ~ asinc” (wau) . (2.244)

[e 6]
. . n
sinc? (mrayu) + Z sinc? (JraJr [u + %])

n=1

Zhao et al. [57] have shown that the sum of sinc?(ra,u) and its aliases at harmon-
ics of u = 1/x is always equal to a constant given by

o0
1
sincz(naxu) + X:Sinc2 (me [u + i]) =X _ —_, (2.245)

X a
nel 0 X Vx
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-1/2x0 0 1/2x0
Spatial Frequency

Figure 2.33: lliustration of the DQE for a two-dimensional detector with a high-resolution
converter and fill-factor values y = yyyy (for yx = yy) equal to 1.0, 0.75, 0.50, and 0.25.
The scintillator quantum efficiency, «, is assumed to be unity.

where y, = a, /xo is the detector fill factor in the x direction. The DQE therefore
reduces to

DQE(u) = « e sincz(naxu) = ozyxsinc2 (ayu), (2.246)
X0

for a one-dimensional detector and to
DQE(u, v)  ayyyy sinc? (may u)sinc2 (rayv), (2.247)

for a two-dimensional detector. The one-dimensional DQE of this two-dimensional
detector, evaluated along the v = 0 axis of the two-dimensional detector, is there-
fore given by

DQE(u) & ay, yysinc?(wayu). (2.248)

Thus, for this special case of a quantum-noise-limited detector with a very-high-
resolution converter, the DQE is proportional to the converter quantum efficiency
«, and the detector fill factor y, Yy, and always has a shape given by sinc®(rrayu),
which is dependent on the x-direction fill factor. Figure 2.33 illustrates the DQE
for a two-dimensional detector with a high-resolution scintillator for various fill
factor values y = y,y, assuming yx = yy based on Eq. (2.248). As the fill fac-
tor decreases, higher frequencies are passed by the detector-element apertures and
noise aliasing increases. This is directly responsible for the decreasing DQE.
The detector variance is given by

(o,¢] oC
ﬁ:/ /:m&mmmm (2.249)
-0 v —00



Summary 155

o o .

~ k*ajalam® B, / / sinc? (ra,u)sinc’ (rayv) dudv  (2.250)
—00 v —00

= k’a ayam’ B*g,. (2.251)

Thus, with the inclusion of noise aliasing, the noise variance predicted with this
Fourier-based approach is equal to the variance that would be expected for a simple
photon-counting detector of size a, x ay.

It should also be noted that for this high-resolution scintillator (uncorrelated
quantum noise incident on the detector array), the variance is related to the zero-
frequency value of the NPS according to

NPS,(0, 0) ~ ayayo3, (2.252)
consistent with Eq. (2.133).

2.11 Summary

In this chapter, principles of linear-systems theory have been summarized, in-
cluding the point-spread function (PSF), line-spread function (LSF), modulation-
transfer function (MTF), and other simple metrics of system performance. It has
been shown how images may be classified as either quantum images (distributions
of quanta), analog images, or digital images. Particular attention has been paid to
the issue of units for each, and an introduction given to the principles of distribution
theory and generalized functions that are essential for the description of quantum
images.

These simple linear-systems metrics can be used to describe the expected, or
noise-free, performance of an imaging system. However, they do not describe the
transfer of image noise. The stochastic-theory relationships necessary to describe
noise transfer are a very recent addition to the linear-systems approach, developed
primarily by Shaw, Rabbani, Van Metter, and co-workers. In addition, the intro-
duction of a photon-scatter operator to the linear-systems repertoire has allowed
this approach to be extended to include the description of quantum-based stochas-
tic systems, a necessary step for the description of medical-imaging systems. As a
result, the extended linear-systems approach forms the basis from which compre-
hensive theoretical models of noise transfer through realistic imaging systems can
be developed, and the connection is made to more complex metrics of system per-
formance including the noise-power spectrum (NPS) and noise-equivalent number
of quanta (NEQ).

It has also been shown how the linear-systems approach is used to develop
cascaded-systems models that can be used to predict, based on theoretical design
considerations, metrics of system performance including the spatial-frequency-
dependent detective quantum efficiency (DQE). Complex imaging systems are rep-
resented as serial cascades of multiple “elementary” processes. This approach has
been very successful for the theoretical analysis of many systems, and gives a phys-
ical interpretation to the idea of a spatial-frequency-dependent quantum sink. These
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quantum sinks are responsible for the frequency dependence of the DQE except
where limited by detector-noise sources. The cascaded approach provides a physi-
cally intuitive model that can be very helpful for understanding limitations of sys-
tem performance and particular system designs, a necessary step for understanding
and optimizing system performance in the design of new imaging systems.

Digital imaging systems add additional complexity to a systems analysis, re-
quiring a description of noise aliasing. This has been accomplished using the the-
ories of wide-sense cyclostationary (WSCS) random processes. While the descrip-
tion of WSCS processes has an established basis in communications theory, this
author is unaware of their prior use in linear-systems theory or for the analysis or
description of medical-imaging systems.

An illustrative example is given of the analysis of a hypothetical digital detec-
tor. The detector is essentially a simple model of a flat-panel active matrix detec-
tor similar to any of several designs currently under investigation and commercial
production. The analysis shows how the DQE can be predicted from simple design
parameters, and includes the effects of detector fill factor and noise aliasing on the
DQE.
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